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Scaling Relations 

  

Assuming constant density 

     ρ = 3M
4πR3

the equation of hydrostatic equilibrium

      
dP
dr

= −GM(r )ρ
r 2 =

−G 4
3
πr 3ρ2

r 2

can be integrated to give the central pressure

        Pc =
GMρ
2R

(an underestimate for stars since ρ  not consant)

Then if ideal gas pressure dominates (it does on the main sequence)

        
ρNAkTc

µ
= GMρ

2R
⇒ Tc = GMµ

2NAkR
i.e., Tc ∝

µM
R

[For a solar mass, radius, and central composition this gives a 
central temperature of close to 10 million K]

Scaling Relations 

  

Tc ∝
µM
R

ρ ∝ M
R3 ⇒Tc ∝ µM

M1/3 ρc
1/3 = µM 2/3 ρ1/3

That is, at least for spheres of constant density, as a star 
(or protostar) in hydrostatic equilibrium contracts its central 
temperature rises as the cube root of the density. It also says 
that stars (or protostars) will have a higher temperature at 
a given density if their mass is bigger. 
 
In the absence of nuclear reactions the contraction occurs 
at a rate needed to balance the luminosity of the star (Kelvin- 
Helmholz evolution). The Virial theorem says that half the  
work goes into radiation and half into heat. 
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4p He→ lightest star will 

be mass that hits 
this point. 

Pdeg =Pideal

This gives the blue lines in the plot 



Pdeg ≈Pideal
1.69ρN

A
kT ≈ 1.00×1013 (ρY

e
)5/3 (assuming 75% H,

                                                              25% He by mass)

At 107  K, this becomes

1.40 ×108 ρ (107 ) ≈ 8.00× 1012 ρ5 /3 (taking Ye =0.875)

which may be solved for the density to get ρ≈2300gm cm-3

The total pressure at this point is

   Ptot ≈
1

2
Pdeg +Pideal( )≈

1

2
(2P

ideal
)≈P

ideal

≈ 1.40×108 2300( ) 107( ) ≈3.2×1018 dyne cm-2

=
GMρ

2R

⎛
⎝⎜

⎞
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But R=
3M

4πρ
⎛
⎝⎜

⎞
⎠⎟

1/3

i.e., ρ =
M

4/3 πR3

Minimum Mass Star Solve for condition that ideal  
gas pressure and degeneracy  
pressure are equal at 107 K. 

Combining terms we have  

  

3.2 x1018 ≈
G M ρ( ) 4πρ( )

1/3

2 3 M( )
1/3

M
2/3 ≈

2 3.2 x1018( ) 31/3( )
G ρ4/3 4π( )

1/3

and using again ρ≈2300gm cm-3

M ≈8.7 x1031 gm

or 0.044 solar masses.

A more detailed calculation gives 0.08 solar masses. 
Protostars lighter than this can never ignite nuclear reactions.  
They are known as brown dwarfs (or planets if the mass is  
less than 13 Jupiter masses, or about 0.01 solar masses. 
[above 13 Jupiter masses, some minor nuclear reactions occur 
that do not provide much energy - �deuterium burning� 
 
Similar mass limits exist for helium burning ignition (0.5 Msun) 
and carbon burning ignition (8 Msun) 
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For constant density 

Hydrogen Burning Reactions – 
 Core hydrogen burning defines “Main Sequence” 

pp1 
 
 
 
 
 
CNO-1 

  

p(p,e+νe )2H(p,γ )3He(3He,2p)4He

ε ∝ρXh
2T 4

12C(p,γ )13N(e+ν )13C(p,γ )14N(p,γ )15O(e+ν )15N (p,α )12C

ε ∝ ρ XH X(CNO) T 18

From these scalings we expect some tendencies  
on the main sequence. 

1. The central temperature of more massive main 
sequence stars tends to be hotter (unless R increases more 
than linearly with M on the main sequence and it doesn’t) 
 

2. That the actual radius of the star will depend on the form 
of the energy generation. Until nuclear energy generation  
is specified, R is undetermined, though L may be. 
 

3. Stars will get hotter in their centers when they use 
up a given fuel – unless they become degenerate 
 

4.   More massive stars will arrive at a given temperature 
(e.g. ignition) at a lower central density 



  

       One also expects L roughly ∝ M 3 for  main sequence stars

Luminosity ≈ Heat content in radiation
Time for heat to leak out

=
Eradiation

τ diffusion

Eradiation ≈
4
3
πR3 aT 4 ∝R3T 4 ∝ R3 M 4

R4 = M 4

R

τ diffusion ≈
R2

lmfp c
lmfp =

1
κρ

κ  is the "opacity" in cm2  gm-1

Assume κ is a constant

M≈ 4
3
π R3 ρ ⇒ ρ≈ 3M

4πR3

lmfp ∝
R3

M
τ diffusion ∝

R2M
R3 = M

R

L  ∝M4

R
/ M

R
= M3

True even if star is 
not supported by Prad 
Note this is not the  
total heat content, just  
the radiation. 

But one can do better 
 
•  Actually solve the structure equations on 

a computer (e.g., MESA) – but 1D 
 

•  Polytropes – gives approximate numerical results 
 

•  Homology – gives scalings 

Homology relations 

This slide from JS Pineda shows circles 
indicating the radius that encloses 20% mass 
increments of two stars that are homologous 
and one that is not 

  

Consider 2 stellar models with 
mass M1 and M2  and radius R1 and R2

Let x=
m1

M1

=
m2

M2

0 ≤ x≤1

be a mass coordinate such that x = 1
at the surface. The two models are 
said to be homologous if

   
r1(x)
R1

=
r2(x)
R2

or
r1(x)
r2(x)

=
R1

R2

R1 
R2 

  

Then for example the mass conservation equation can be written

 for anywhere inside star number 1: dm1 = 4π r1
2 ρ1 dr1

dr1
dm1

= 1
4πr1

2ρ1

x =
m1

M1

⇒
dr1
dx

=
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4πr1
2ρ1

;
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dr2
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=
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= 1 ⇒
ρ2(x)
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ρ(x)∝ M
R3

This must hold for any mass shell 0 ≤  x ≤  1 and for x = 0  

ρc2

ρc1
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M2
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R1
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i.e.,

dm =4π r 2 ρ dr ⇒ ρ(x) ∝ M
R3

for any value of x 0 ≤ x ≤1
In practice this is equivalent to replacing 
dm with M and r and dr with R. This only
works because of the assumption of homology.
Does not work e.g., for red giants, but pretty good
for main sequence stars.

  

Similarly using the HE equation dP
dm

=− Gm
4πr 4  which is 

  (dm = 4πr2ρdr )                  dP
dr

=− Gmρ
r 2  in Lagrangian coordinates,

(Pols p.104) shows

P(x) ∝M 2

R4 ∝ ρ(x)
R

Again, this is the same result one gets by replacing 
dm, m(r), and r in the differential equation by their full star 
counterparts. 

dP
dm

= − Gm
4πr 4

Putting this together with ρ(x)∝ M
R3 ⇒ R ∝ ρ / M( )1/3

,one gets a 

"new" result
P(x)∝M2/3ρ(x)4/3  (i.e., Pc = const M 2/3ρc

4/3 )
which we have actually seen several times before, e.g., when 
talking about polytropes. (polytropes of the same index n are 
homologous). Taking P∝ ρT recovers Tc ∝ M 2/3 ρc

1/3

  

    dm = 4πr 2ρdr                               ρ ∝ M
R3 1)

dP
dm

= − Gm
4πr 4                                 P ∝ M 2

R4 ∝ Mρ
R

2)

dT
dm

=− 3
4ac

κ
T 3

L(r )
(4πr 2)2 L ∝ R4T 4

κM
3)

dL(m)
dm

= ε                                L ∝Mε 4)

P = P0ρT / µ P ∝ ρT
µ

5)

ε = ε0ρT ν ε ∝ ρT ν 6)

κ =κ 0ρ
aT b κ ∝ ρaT b 7)

and the whole set for radiative stars supported by ideal gas pressure 



These are 7 equations in 9 unknowns.  

  ρ, T, µ, P, L, R, M, ε,κ

Once can solve for any one of them in terms 
of at most two others. e.g.  L  as f(µ,M) 

  

ρ ∝ M
R3 + P ∝ M 2

R4 ⇒ P ∝M 2ρ4/3

M 4/3 =M 2/3ρ4/3

+ P ∝ ρT
µ

⇒T ∝ µP
ρ

∝ µ
ρ

M 2/3ρ4/3 ∝ µMρ1/3

M1/3 ∝ µM
R

+L ∝ R4T 4

κM
⇒ L ∝ µ4M 4

κM
= µ4M 3

κ

+L ∝Mε and ε = ε0ρT ν ⇒ µ4M 3

κ
∝M

εoM
R3

µM
R

⎛
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⎞
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ν

R3+ν ∝ Mν+2−3µν−4κε0

                                               R ∝ M
ν−1
ν+3

⎛
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⎞
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ν−4
ν+3

⎛
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⎞
⎠⎟ κε0( )

1
ν+3
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These have been evaluated for constant κ , e.g., electron scattering,

 but the generalization to κ  = κ 0ρ
aT b  is straightforward.

e.g.  ideal gas and constant opacity 

 Independent of ε

  

                      R ∝ M
ν−1
ν+3

⎛
⎝⎜

⎞
⎠⎟µ

ν−4
ν+3

⎛
⎝⎜

⎞
⎠⎟κ

1
ν+3

⎛
⎝⎜

⎞
⎠⎟

e.g. pp cycle (ν = 4) and electron scattering κ=constant

R ∝ M 3/7

while for the CNO cycle (ν = 18) and electron scattering κ=constant

R ∝ µ2/3M17/21

If one further includes the density and temperature variation of κ
other relations result.  E.g. if κ =κ 0ρT −7/2  and pp-energy generation dominates

L ∝µ7.5 M 5.5

R1/2 (left to the student)

and 

R ∝ µ
ν−7.5
ν+2.5M

ν−3.5
ν+2.5

e.g. ν = 4 R ∝ µ−0.54 M 0.0769  and L ∝   µ7.77M 5.46

Note that the relevant values 
of e.g.,  and µ, are averages 
for the whole star, not just the  
photosphere 

from previous page 

The Kramer’s opacity solution is not particularly 
useful because when the opacity becomes high 
the star becomes convective and the simplest  
homology arguments rely on the assumption  
of transport by radiative diffusion.  
 
Still the prediction that L becomes sensitive to a  
power of M steeper than 3 at low mass is generally 
true. 

Aside: 



  

In general, for main sequencestars, the radius is weakly 
dependent on the mass. Given these relations one can also 
estimate how the central temperature and density will vary on 
the main sequence. For illustration,  the electron scattering 
case (κ = constant)

Tc ∝
µM
R

∝ µM 0.57 (pp)  or µ1/3M 0.19 (CNO)

ρc ∝
M
R3 ∝M −0.29 (pp)  or µ−2M −1.43 (CNO)

since R∝M3/7 (pp) or µ2/3M17/21 (CNO)
3
7
=0.43

17
21

= 0.81

That is the central temperature will increase 
with mass while the central density decreases 

Summary for constant opacity 
and ideal gas 

It turns out that the pp chain dominates above 1.3 solar  
masses (for solar metallicity) 
 
In general R slowly rises with M on the main sequence, 
central T rises and central density declines  

http://www.astro.ulb.ac.be/~siess/pmwiki/pmwiki.php/WWWTools/Isochrones 

109 years – “isochrones”        “env” are conditions at the base of the  
                                               convective envelope if there is one 



The sun (Model 
is a bit old; best  
Tc now is 15.71) 

Surfaces stable (radiative, not convective); inner roughly 1/3 
of mass is convective. 
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More Massive Main Sequence Stars 

Suppose radiation pressure dominates and  
opacity is constant (very massive stars) 

   

L ∝ R4T 4

κM
 if energy transport by radiative diffusion

                   (actually as M goes up, convection increasingly 
                     dominates)

P ∝ M 2

R4 ∝T 4 so R4T 4 ∝M 2

L ∝ R4T 4

κM
∝ M

κ
It can in fact be shown that extremely massive stars approach
the "Eddington limit"  (though this is not the best way to derive it)

LEd = 4πGMc
κ

≈ 1.3 ×1038 M
M

⎛

⎝⎜
⎞

⎠⎟
0.34 cm2 g−1

κ
⎛
⎝⎜

⎞
⎠⎟

erg s

There is also a lower limit to the lifetime of an  
extremely massive star given by the Eddington 
luminosity and the assumption that the (fully convective) 
star burns its entire mass 

  

τEd = Mq
LEd

=
6.8 ×1018 erg g−1( ) 2×1033 g( )

1.3×1038 erg s−1

= 3.3 million years

Very massive stars approach these luminosities  
and lifetimes 



  

τ ∝ M −2 is a good overall approximation

τ ∝ Mass of fuel
L

∝ M
M 3

http://www.astro.soton.ac.uk/~pac/PH112/notes/notes/node100.html 

 
•  The mass luminosity relation L = f(M), varies with mass. 

For lighter stars on the pp cycle with Kramers opacity 
L is predicted to be proportional to M5.46 though convection 
complicates the interpretation. For stars  
where electron scattering dominates it is M3. For  
very high masses where radiation pressure becomes 

     important,  L becomes proportional to M.   
 
    This is consistent with what is seen (The observed  
    mass-luminosity  relation for stars lighter  than about  
    0.5 solar masses is not consistent with homology  
   because the convective structure of the star, neglected 
    here. 

More implications of homology  Homology works well for massive main sequence stars 
but does not give the mass luminosity relation correctly below 1 Msun 

  

ε κ R ∝M x; x =
pp e −                      0.43
CNO e −                      0.81
Dashed line is for CNO  Dashed line is for L ∝M 3

Normalized to the sun 



  

The Kelvin helmholtz time scale  τKH =
αGM 2

RL
 will 

       be shorter for more massive stars. They will not only
       live shorter lives but be born more quickly

Implications of homology- continued 
•    

•  Lower mass stars with Kramers opacity will have 
   higher opacity (because of their lower T and  
   larger ) especially near their surfaces and  
   will tend to be convective there. 
 
•  Higher mass stars will shine by the CNO cycle and 

will therefore have more centrally concentrated  
energy generation. They will thus have convective 
cores. 
 

•  And to restate the obvious, massive stars with their 
higher luminosities will have shorter lifetimes.  

M > 2.0 

3 
3 



Whether the surface of the star is convective or 
not has important effects on its evolution and  
appearance.  
 
Convection coupled with differential rotation 
can generate magnetic fields that energize  
surface activity like winds, flares, sunspots,  
coronal emission, etc.  
 
These winds may play a role in braking the  
rotation rate of the star over time. The sun  
rotates at only about 2 km/s at its equator but  
a massive O or B star may rotate at  
200 km/s. Lighter stars also have longer times 
to slow down because they live longer.  

Matter rises in the centers of the granules, cools then falls down. Typical  
granule size is 1300 km. Lifetimes are 8-15 minutes. Horizontal velocities 
are 1 – 2 km s-1. The movie is 35 minutes in the life of the sun 

June 5, 1993 

http://www3.kis.uni-freiburg.de/~pnb/granmovtext1.html 

http://www.uwgb.edu/dutchs/planets/sun.htm 

Image of an active solar region taken on July 24, 2002 near the 
 eastern limb of the Sun. 

http://www.boston.com/bigpicture/2008/10/the_sun.html 

Rotation: 
  26.8 d at equator 
  31.8 d at 75o latitude 

This differential rotation exists only in the 
convection zone. The radiative core rotates  
rigidly. 



convection 

radiation Solar Flares 

  

L = 4π R2σTeff
4 ∝R2Teff

4

and in the simplest case (constant opacity; ideal gas)

L ∝ µ4M 3

κ
and R ∝ M 3/7 (pp); R ∝ µ2/3M17/21 (CNO)

L ∝ R2Teff
4 ⇒ µ4M 3 ∝M 6/7Teff

4 ⇒ M15/7 ∝
Teff

µ
⎛

⎝⎜
⎞

⎠⎟

4

M ∝
Teff

µ
⎛

⎝⎜
⎞

⎠⎟

28/15

R ∝ M 3/7 ∝
Teff

µ
⎛

⎝⎜
⎞

⎠⎟

84/105

L∝R2Teff
4 ∝ µ−168/105 Teff

588/105 = µ−1.6 Teff
5.6 (pp)

Simiarly for CNO it can be shown
                       L∝ µ−1.786 Teff

8.571 (CNO)

THE HR  DIAGRAM 

(pp) 

  

ε κ L ∝Teff
x ; x =

pp e −               5.6
CNO e −               8.57
pp Kramers      4.11
CNO Kramers      5.47

convective 



Implications of homology for end of H-burning 

•  As hydrogen burns in the center of the star, µ rises. The  
central temperature and luminosity will thus both rise. 

•  The density evolution is not properly reflected because 
the sun’s outer layers evolve non-homologously.  

•  Stars of lower metallicity with have somewhat smaller  
radii and bluer colors. 

  

Tc ∝
µM
R

∝ µM 0.57 (pp)  or µ1/3M 0.19 (CNO) e − scattering κ

L ∝ µ4 e − scattering κ L ∝ µ7.256 (pp) µ7.769 (CNO) Kramers κ

  

R =const ε0κ 0( )
1

3+ν    for e-scattering

                                        ν = 4,17 for  pp,  CNO

Recall: How is µ defined? 

   

P = nkT =
ρNAkT

µ
n = ne + ni

µ−1=
ne

ρNA

+
ni

ρNA

= Zi

X i

Ai

+
Xi

Ai
∑∑ = 1+ Zi( )∑ Xi

Ai

eg.   Pure ionized hydrogen

        µ−1 = (1+1) i1=2 P = 2ρNAkT µ = 0.5

Pure ionized helium

        µ−1 = (1+ 2) i
1
4
= 3

4
P = 4

3
ρNAkT µ = 1.333

Burning hydrogen to helium increases µ

To repeat: Evolution on the main sequence 

The composition is not constant on the main sequence 
because hydrogen is changing especially in the center. 
This has two consequences 
 
•  As hydrogen decreases µ increases. Since the  

luminosity depends on µ to some power, the luminosity  
increases 
 

•  To keep the luminosity slightly rising as hydrogen  
decreases the central temperature must rise (slightly).  
 

The sun - past and future 

Oceans gone 
 
CNO dominates 

  

Central density 

rises roughly as Tc
1/3



   

Since µc  increases more than Tc  increases (due
to the high sensitivity of ε to T), and since the pressure

is due to ideal gas,
Pc

ρc

∝ T
µ

must decrease.  Thus Pc must

decline or ρc  must increase or both. Which alternative
dominates depends on the relative changes of µ  and T
and hence on whether the star is burning by the pp cycle
with ε ∝ T4  (M < 1.5M) or CNO cycle with ε ∝ T18.

Since ρc varies roughly as Tc
3, it too cannot increase much,

so especially for stars burning by the CNO cycle, Pc  must
decrease. This is accomplished by an expansion of the 
overlying layers - and the star in general. Note the non-
homologous aspect. ρc  goes up in the center but declines
farther out. For stars burning by the pp chain, the changes in 
ρ  and T are bigger so P does not have to change so much as 
µ  goes up. Pols page 135 

Combining – L increases and R increases. Path moves up on the HR diagram 

  
0≤ Mr ≤ 1

Once the hydrogen depleted core exceeds the Schonberg Chandrasekhar mass, 
about 8% of the mass of the star, that depleted (isothermal) core can no longer 
support its own weight and begins to contract rapidly. This causes vigorous  
hydrogen shell burning that expans the star to red giant proportions 

Schonberg Chandrasekhar mass 

In the hydrogen depleted core there are no sources 
of nuclear energy, but the core’s surface is kept warm  
by the overlying hydrogen burning, so that it 
does not radiate and therefore cannot contract, at  
least not quickly (on a Kelvin Helmholtz time scale). In these  
circumstances the core becomes isothermal.  
L = 0 implies  dT/dr = 0 
 
A full star with constant temperature is unstable. 
With ideal gas pressure, hydrostatic equilibrium would 
have to be provided entirely by the density gradient,  
which would be very steep. Such a star (n = 1 polytrope)  
would not stable because  < 4/3. n = 1 polytropes in  
fact have have either infinite radius or infinite central density. 
They are not physical 



Schonberg Chandrasekhar mass 

  

 
 The derivation is not given here but see Pols 9.1 and 
especially GK Chap 16

Mc

M
= 0.37

µenv

µc

⎛

⎝⎜
⎞

⎠⎟

2

 

For µenv =0.59 and µHe =1.3, the limit is 0.08. When hydrogen has

been depleted in the inner 8% of the stars mass, the helium core
begins to contract and hydrogen shell burning is accelerated. The 
star becomes a red giant.

A star can be stable however if only a certain fraction of its 
inner core is isothermal (so long as its own gravitational 
binding energy is negligible). Even with dT/dr = 0 it can sustain a  
certain pressure at its edge. Once that combination of core mass 
(binding) and pressure is exceeded however. the core must contract. 
Once it starts to contrac it either become degenerate or contracts rapidly.  
 

In high and intermediate mass stars, the hydrogen 
depleted core is usually initially smaller that the SC 
mass but the core grows by hydrogen shell burning. 
After exceeding the SC mass, H shell burning accelerates 
and the star moves quite rapidly to the right in the HR  
diagram 
 
For lower mass stars, like the sun, the He core  
becomes degenerate before exceeding the SC mass  
(which then becomes irrelevant). Their evolution off the  
main sequence is more “steady”  

5 Solar Masses 

A  H ignition 
B  H = 0.03 – rapid contraction 
C  H depletion in center 

D He core now bigger than SC mass 
    H shell narrows 
E  Red giant formation 

C -> D Very fast towards end   HR gap. One Solar Mass 

A  H ignition 
B  H depeltion at center 
C  narrowing of H shell, exceed 
    SC mass. RG formation. He core 
    has become degenerate 



Post-main sequence evolution segregates into three 
cases based upon the mass of the star 

•  Low mass stars – lighter than 2 (or 1.8) solar masses. 
Develop a degenerate helium core after hydrogen 
burning and ignite helium burning in a “flash” 
 

•  Intermediate mass stars – 2 – 8 solar masses. 
Ignite helium burning non-degenerately but do  
not ignite carbon 
 

•  Massive stars – over 8 solar masses. Ignite  
carbon burning and in most cases heavier 
fuels as well (8 – 10 is a complex transition 
region) and go on to become supernovae. 


