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IX. Molecules

A. Motivations

• Molecules are the principal coolants (with dust) in denser, netural gas (n > 102 cm−3)

• Ultimately, these particles enable star formation

• Molecules are useful diagnostics of the ISM, especially star-forming regions

• Molecules enable unique physical experiments (e.g. constraints on variations in the
fundamental constants, e.g. Thompson 1979)

B. Born-Oppenheimer Approximation

• Diatomic molecules

• Molecular vs. atomic structure

� Electrons have less symmetry in molecules

� Molecule has more degrees of freedom

N Electronic configurations

N Rotations about the axes perpendicular to the line connecting the nuclei

N Vibrations along the line centers

• Key: The molecular degrees of freedom generally decouple

� Treat each independently (more or less)

� Why? The energies have significantly different magnitude

� me � M

N Electrons have very small inertia compared to the nuclei

N Electrons react quickly to changes in the nuclei

N Electrostatic configurations decouple from the nuclear motions

C. Approximate Energies

• Electrostatic energy

� Parameterized by the nuclear separation R
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N Expect R is on the order of the Bohr radius (i.e. R0 ∼ a0)

N Expect energies comparable to energy levels in an atom

Eel ∼
e2

a0

=
~2

mea2
0

(1)

� Frequencies
~ωel ∼ Eel (2)

N λel ∼ 1000Å

N Ultraviolet or optical, e.g. Lyman-Werner transitions

• Vibrational Energies

� Displace the nuclei by ∆R from the equilibrium separation R0

� Expect energies with form like the simple harmonic oscillator (SHO)

1

2
Mω2

vib∆R2 (3)

� If the displacement is comparable to R0 ∼ a0, then we expect
energies comparable to the depth of the potential well

1

2
Mω2

viba
2
0 ∼ Eel (4)

� Vibrational energy

~ωvib ∼
( me

M

) 1
2
Eel (5)

N For me/M ∼ 10−3 or 10−4, these photons will lie in the near or mid-infrared

N For H2, λvib ≈ 2µm

• Rotational Energies

� Rotate about axes perpendicular to the line connecting the nuclei

� Moment of inertia
I ∼ Ma2

0 (6)

� Angular momentum
L ∼ Iωrot ∼ Ma2

0ωrot (7)

� Energies

N Angular momentum is quantized in units of ~/2

N Therefore

Erot = ~ωrot ∼
~2

Ma2
0

∼ me

M
Eel (8)

� Frequencies

N For me/M ∼ 10−3 ∼ 10−4, photons will lie in the millimeter range

• Decoupling of Energies

Erot : Evib : Eel ∼
( me

M

)
:
( me

M

) 1
2

: 1 (9)
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� Hierarchy provides a clean basis for perturbation theory

� This is the physics behind the Born-Oppenheimer approx

D. Hamiltonian for a Diatomic Molecule

• Coordinates

R

2

A B

r2B

r1A

1
r12

r2A
r1B

• Ignoring spin-orbit coupling and relativistic corrections

• Separate kinetic energy of the nucleus from the electronic energies

H = HAB + Hel (10)

HAB ≡ −
~2

2MA

∇2
A − ~2

2MB

∇2
B (11)

Hel ≡ −
~2

2me

(
∇2

1 +∇2
2

)
+ V (12)

V ≡ −ZAe2

r1A

− ZBe2

r1B

− ZAe2

r2A

− ZBe2

r2B

+
ZAZBe2

R
+

e2

r12

(13)

� Note the ∇ operators refer to differentiation with respect
to vectors ~rA, ~rB, . . .

� Meanwhile

r12 ≡ |~r1 − ~r2| (14)

R ≡ |~rA − ~rB| (15)

(16)

• Schroedinger equation

HΨE = i~
∂ΨE

∂t
(17)

� H has no explicit time dependence

� Expect energy eigenstates of the form

ΨE = u(~rA, ~rB, ~r1, ~r2)e
−iEt/~ (18)
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� Time independent Schroedinger equation

H|u> = E|u> (19)

• Born-Oppenheimer Approximation

� Note the operator HAB is a factor me/M smaller than the kinetic terms in Hel

� Separate |u> into terms with the electrons and terms with the nuclei

|u> = uel(~r1, ~r2, R)uAB(~rA, ~rB) (20)

N Not entirely separated

N uel has dependence on R, the nuclear separation

• Examining the time-independent Schroedinger Equation

uABHeluel + HABueluAB = EueluAB (21)

� Expand the second term (Leibnitz’s Rule)

HABueluAB = uelHABuAB −
~2

MA

∇Auel · ∇AuAB − (22)

~2

MB

∇Buel · ∇BuAB + uABHABuel (23)

� Note (because uel depends only on R)

∇Auel =
~R

R

∂uel

∂R
= −∇Buel (24)

� The middle terms in Equation (23) can be rewritten as

~2∂uel

∂R

~R

R
·
(

1

MB

∇B −
1

MA

∇A

)
uAB (25)

� The term in the parenthesis is proportional to ~vA − ~vB which
should average to zero for a bound molecule

� The last term in Equation (23) can be ignored

uABHABuel =
me

M
uABHeluel (26)

� Therefore, the second term has been reduced to

HABueluAB ≈ uelHABuAB (27)

• Altogether, our time-independent Schroedinger equation becomes

uABHeluel + uelHABuAB = EueluAB (28)
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� Rewriting
1

uel

Heluel = − 1

uAB

HABuAB + E (29)

� RHS depends only on ~rA and ~rB

� LHS depends only on ~r1 and ~r2 + a parameter dependence on R

• Separation of variables

� Both sides must equal a constant Eel(R)

Hel|uel> = Eel(R)|uel> (30)

HAB|uAB> + Eel(R)|uAB> = E|uAB> (31)

(32)

� We have separated the electronic degrees of freedom
from the motions of the nuclei

E. Energy Levels

• Separating translational and internal degrees of freedom

� Coordinate transformation

� Center of mass
~RCM ≡ MA~rA + MB~rB

MA + MB

(33)

� Relative displacement
~R ≡ ~rA − ~rB (34)

� Hamiltonian

HAB = − ~2

2M
∇2

CM − ~2

2µ
∇2

R (35)

µ ≡ MAMB

MA + MB

(36)

M ≡ MA + MB (37)

� Express our state uAB in terms of ~R and ~RCM

uAB = utrans(~RCM)uint(~R) (38)

N utrans describes the translational motions of the nuclei

N uint describes the internal motions of the nuclei

• Nuclear equation

1

utrans

(
− ~2

2M
∇2

CMutrans

)
=

1

uint

(
~2

2µ
∇2

Ruint

)
− Eel(R) + E (39)

� Examining the equation
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N LHS depends only on ~RCM

N RHS depends only on ~R

N Separation of variables implies each side of Equation (39)
must equal a constant Etrans

� Separation

− ~2

2M
∇2

CMutrans = Etransutrans (40)

− ~2

2µ
∇2

Ruint + Eel(R)uint = Eintuint (41)

with Eint = E − Etrans (42)

� We have reduced the motions of the nuclei to translations and internal motions

• Vibrations + Rotations (Internal energies)

− ~2

2µ
∇2

Ruint + Eel(R)uel = Eintuint (43)

� Motions of nuclei A relative to nuclei B are expressed in identical fashion to a
single particle with reduced mass µ in a central force field

� Hamiltonian is spherically symmetric

N Introduce spherical coordinates

∇2
R =

1

R2

[
∂

∂R

(
R2 ∂

∂R

)
− L2

~2

]
(44)

N Usual separation of variables

uint(~R) =
1

R
Zvib(R)Y`m(θ, φ) (45)

� Psuedo-spherical harmonics

N Usual angular momentum rules

L2YJm = J(J + 1)~2YJm (46)

LzYJm = m~YJm (47)

N Two angular coordinates correspond (sort of) to the two degrees
of freedom for the rotation axes

� ‘Radial’ equation

− ~2

2µ

d2Zvib

dR2
+ Eel(R)Zvib =

[
Eint −

J(J + 1)~2

2µR2

]
Zvib (48)

N Expresses the motions along the line of centers of the nuclei

� Harmonic oscillator approximation
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N Assume the potential Eel(R) follows a simple potential well with minimum
energy at separation R0

◦ i.e. R = R0 corresponds to a minimum in Eel(R)

◦ Taylor expand around R0

Eel(R) = Eel(R0) +
1

2
µω2

0(R−R0)
2 + . . . (49)

where µω2
0 ≡ E ′′

el(R0) (50)

◦ Change of variables: x ≡ R−R0

N Equation (48) to lowest order reduces to the SHO equation

− ~2

2µ

d2Zvib

dx2
+

1

2
µω2

0x
2Zvib = EvibZvib (51)

where Evib ≡ Eint − Eel(R0)−
J(J + 1)~2

2µR2
0

(52)

� Energies

N Define rotation energy

Erot ≡
J(J + 1)~2

2µR2
0

= J(J + 1)B (53)

◦ B is the rotational constant of the molecule

◦ Typically B is determined experimentally

N Vibrational energy

Evib =

(
n +

1

2

)
~ω0 n = 0, 1, 2, . . . (54)

N Internal energy is then the sum over 3 terms

Eint = Eel(R0) + Evib + Erot (55)
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• Example: Lowest two electronic levels of CO

� The lower panel shows the rotational levels for CO in the ground state (X1Σ+)

N These are shown for the lowest vibrational level (n = 0; here notated with
v instead of n)

N The energies have the form

E = J(J + 1)B with B = 2.77 K (0.000239eV) (56)

� The upper panel shows the roto-vibrational levels for the first electronic level
above ground (A1Π)

N One can see the electronic energy is ≈ 8eV

N The vibrational levels (notated by v) have spacings following the SHO with
~ω0/k = 3100K

N I have multiplied the rotation energies by 5 for presentation purposes
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F. Energy States

• Spectroscopic Notation

� Electronic levels (analogous to n = 1, 2, 3, . . . )

N X ≡ Ground state

N Bound excited states (for H2) = B,C,D,. . .

N Unbound excited states = a, b, c, . . .

� Orbital angular momentum (Λ)

N Atoms: Electronic potential is spherically symmetric ⇒ Total angular
momentum is conserved

N Diatomic molecules: Symmetry about the line of centers ⇒ Only the
component about the nuclear axis is a constant of the motion

◦ Refer to this component of the angular momentum as Λ

◦ Labels: Λ = 0, 1, 2 → Σ, Π, ∆

N Other components of the angular momentum precess ⇒ the total angular
momentum precesses

� Electron-spin angular momentum (Σ)

N Similar to Λ, the only component which is a constant of the motion (unless
Λ = 0) is the component along the internuclear axis

N Refer to this component of S as Σ (to be confused with Σ the Λ = 0 state
as S the ` = 0 state is confused with spin)

N Values: Σ = −S,−S + 1, . . . , S − 1, S

� ‘Total’ Angular Momentum (Ω)

N Sum of the internal components of the spin and orbital angular momentum
(i.e. Ω = Λ + Σ)

N Not a vectoral sum

� Planar Symmetry

N If the electronic wave function changes sign under a reflection through any
plane connecting the two nuclei ⇒ ‘- state’

N Otherwise, ‘+ state’

� Center symmetry

N If the wave function changes sign when reflected through the
center of nuclear charge ⇒ ‘u state’

N Otherwise, ‘g state’

� Nuclear spin

N H2 has two nuclear states: ortho (spin aligned) and para (spin anti-aligned)

N ortho has 3× degeneracy over para

� Fig (Shull & Beckwith, 1982, ARAA)
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• Selection Rules for Electric Dipole Transitions

� Orbital angular momentum
∆Λ = 0,±1 (57)

� Spin
∆S = 0 (58)

� Plane symmetry
+ → + or − → − (59)

� Center symmetry
g → u or u → g (60)

� Nuclear

ortho → para is forbidden

� Dipole moment must change!

<φf |~d |φi> 6= 0 (61)

• Astrophysical consequences

(a) ∆S = 0 stabilizes H2 against photo-dissociation

X1Σ+
g + γ → b3Σ+

u is forbidden (62)
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(b) Photo-dissociation is generally a two-step process

γ + X1Σ+
g → B1Σ+

u → (unstable vibrational continuum state) + γ (63)

(c) Change in dipole reduces the likelihood of H2 formation

H(1s) + H(1s) → X1Σ+
g + γ is forbidden (64)

� This significantly reduces the likelihood of H2 formation

� H2 forms via 3-body collisions or with dust grains as the catalyst

G. Molecular Spectroscopy

• Limit the discussion to electric dipole transitions

• Perturbation theory

H(1) =
e

mc
~A · ~p

= − ~E · ~d

• Dipole moment

� ~d is the electronic dipole moment

� Express it in terms of a nuclear and electric part

~d = ~del + ~dnuc (65)

� Define positions relative to the center-of-mass

~X = ~r − ~RCM (66)

� Electronic dipole moment becomes

~del =
N∑

j=1

~dj

with ~dj ≡ −e ~Xj, the dipole moment of the j-th electron

� Nuclear dipole moment

~dnuc = ZAe ~XA + ZBe ~XB (67)

N Note: ~XA = (MB/M)~R, ~XB = −(MA/M)~R

N Therefore, ~dnuc vanishes for a homonuclear molecule

• As always, probabilities and transition rate will depend on this matrix element

<f |H(1)|i> = −<f | ~Eω · (~del + ~dnuc)|i> (68)
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� ~Eω is the Fourier transform of ~E: [ ~Eω = −iω/c ~A(ω)]

� For molecules, our time-independent energy eigenfunctions have this form

|u> =
1

R
Zvib(R)YJm(θ, φ)utransuelΣ (69)

N Σ is the electron-spin wave function

� H(1) is independent of the translational state of the molecular utrans

N Therefore, ui
trans = uf

trans or the matrix element vanishes

N For the following, assume ui
trans = uf

trans = 1

(a) Pure rotational spectra

• Assume the initial and final electronic and vibrational states remain the same

• The matrix element reduces to

<f |H(1)|i> =

∫
dΩYJ ′m′<Zvib|HD|Zvib>YJm (70)

• Permanent Dipole Moment

� Examining the radial part

<Zvib|HD|Zvib> ≡ −
∞∫

0

~Eω · ~D(R, θ, φ)|Zvib(R)|2dR (71)

N Integral over the separation only!

N Introduce ~D as follows

� ~D(R, θ, φ) is the dipole moment ~d after integrating over all electronic
coordinates (including spin)

~D(R, θ, φ) =

∫
~duel( ~X1, ~X2, . . . , ~XN ; R) d3X1d

3X2 . . . d3XN (72)

N ~D is referred to as the permanent dipole moment

N For the matrix element to not vanish, obviously ~D 6= 0

N Contrast with atoms where we simply require ~d changes in the transition

<f |~d |i> 6= 0

� H2

N No permanent dipole moment

N Rotational transitions are not allowed!

� Consider the angular dependence of ~D

N Obviously, ~Dnuc = ~dnuc lies along the line-of-centers of the two nuclei

N Therefore, ~Dnuc only depends on the magnitude of ~R
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N In addition, the reflection symmetry of the electronic distribution implies
~Del (but not ~del) has no component ⊥ to ~R

N Therefore ~D has no functional dependence on θ, φ

~D = D(R)
~R

R
(73)

• Electric-dipole transition (for a molecule like CO)

� ‘Rigid rotator’ model → Evaluate D(R) at R0

D(R) ≈ D(R0) ≡ D0 (74)

N D0 is referred to as the reduced dipole moment

N Warning: In the literature, D0 is often written as µ

N First (trivial) selection rule: D0 6= 0

� Consider the usual orientations of ε̂

N ε̂ ‖ ẑ
~Eω · ~D ∝ |Eω|D0T

(1)
k (75)

i. Standard selection rules for the angular terms

ii. ∆J = ±1, ∆m = 0 (Parity prohibits ∆J = 0)

N ε̂ ⊥ ẑ: Same story except ∆m = ±1

� Transition dipole moment

N De-excitation probability from J ′ = J + 1 → J

N Evaluate by summing over all final m states

|DJ+1,J |2 ≡
∑
m

D2
0|<YJm|T (1)

q |YJ+1,m′>|2 =
J + 1

2J + 3
D2

0 (76)

� Rate of spontaneous emission

AJ+1,J =
4ω3

3~c3
| ~Dif |2 =

4(J + 1) ω3

3(2J + 3)~c3
D2

0 (77)

� Energy

N Simple rotation

N For de-excitation, J ′ = J + 1 → J

EJ
rot = J(J + 1)B (78)

~ω = ∆E = 2(J + 1)B (79)

� Example: CO (J = 1 to 0)

N B = 2.77K
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N Energy

∆E = 5.54 K (80)

λ = 2.6 mm (81)

ν = 115 GHz (82)

N Probability
A10 = 6 × 10−8 s−1 (83)

(b) Vibrational-rotational spectra

• Only the electronic state remains unchanged

• In the SHO approximation, the matrix element is

<f |Hd|i> = −|Eω|
∫

dΩY ∗
Jm<n|D|n′>T k

q YJm (84)

� T k
q is the tensor mediating the interaction

� Here, it is simply cos θ

• Expand D(R) about R0

D(R) = D0 + x

(
dD

dR

)
R=R0

+O(x2) (85)

� x ≡ R−R0

� First term corresponds to the pure rotational case (i.e. n = n′)

� Higher order terms account for the vibrational modes

• Identify x as the sum of raising and lowering operators

� Selection rules: ∆n = ±1

� Additionally:
dD

dR
|R=R0 6= 0 (86)

• Higher order terms of the D(R) expansion

� These allow for ∆n = ±2, . . .

� Each term is down by a factor of

~
µω0R2

0

∼
( me

M

) 1
2

(87)

• Energies: Expect vibrational transitions to have ∆E = ~ω0

� Observationally, larger n levels have smaller spacings because the binding
potential is not a pure quadratic well

� Also, rotational states often change the moment of inertia

• Additional selection rules

� Expect the same rules on J as for pure rotational transitions (i.e. ∆J = ±1)
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� Only true for Λ = 0 (zero electronic angular moment along R̂)

� If Λ 6= 0, the parity of the electronic state can change (by flipping the sign
of Λ) and ∆J = 0 is allowed

• P and R branches

� Energies for vibrational and rotational spectra,

EnJ = (n +
1

2
)~ω0 + J(J + 1)B (88)

� Frequencies

N Transition n′ = n± 1 and J ′ = J + 1 with J = 0, 1, 2, . . .

ω = ω0 + 2(J + 1)B/~ R branch (89)

N Transition n′ = n± 1 and J ′ = J − 1 with J = 1, 2, 3, . . .

ω = ω0 − 2JB/~ P branch (90)

N If Λ = 0 ⇒ ∆J 6= 0 and there is no line at ω = ω0

• Corrections to the Energy

� True molecular spectra show departures from Equation (89)

� Several of our approximations don’t hold for real molecules

N Centrifugal forces (especially for large J) distort the molecule ⇒ Failure
of the ‘rigid rotator’ approx

N Expansion of Eel(R) beyond the quadratic term implies additional
‘overtones’ at near-integral multiples of ω0

� Modified vibrational-rotational energy levels

EnJ =

[
1− A(n +

1

2
)

]
(n +

1

2
)~ω0 + [ 1− CJ(J + 1) ] J(J + 1)B (91)

N Fractional anharmonicity constant (A = 0.027 for H2)

N Fractional centrifugal constant (C = 7.6 × 10−4 for H2)

(c) Electronic-Vibrational-Rotational Spectra

• “Vibronic” transitions

• Selection rules

� Usual rules

∆J = 0,±1

∆m = 0,±1

∆J 6= 0 if Λ = 0

J = 0 → 0 is forbidden always

∆Λ = 0,±1
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� Note, the electronic transitions do not require D0 6= 0

N Therefore H2 shows UV electronic transitions

N And, the vibrational and rotational state can change ‘along the way’

• Matrix element
~Dif ∝

∫
dR Z∗

vib,f (R)Zvib,i(R) (92)

� This integral has a non-zero value for any ∆n value

� ⇒ Vibronic transitions are not limited to ∆n = ±1

� Qualitatively assess ~Dif by considering the wave function of a particle in a
potential well

N For level n, the wave function has n + 1 maxima between
the turning points

N The ∆n transitions with the highest probability correspond to those when
the wave functions show coincident maxima

N The overlap factors are called Frank-Condon factors

• Band and branch structure

� For emission spectra, the branches correspond to:

N P branch: ∆J = +1

N Q branch: ∆J = 0

N R branch: ∆J = −1

� R(P) branch starts at highest (lowest) frequencies

� Differences in the moments of inertia of the final and initial states lead to
lines without equal spacing

νR = νel,vib + h−1
[
2B + (3B −B′)J − (B′ −B)J2

]
(93)

N The J and J2 terms have opposite sign

N For small J and B′ > B, νR increases with J until J = Jhead

N Then νR decreases!

� P and Q branches behave differently

νQ = νel,vib − h−1(B′ −B)J(J + 1) (94)

νP = νel,vib − h−1
[
(B′ + B)J + (B′ −B)J2

]
(95)

• In practice, this simple formalism breaks down,
especially for larger R,P,Q levels

� Use empirical data to determine the energy levels

� The data are then fitted by a semi-analytic model (e.g. Dunham parameters)
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• This figure shows three vibrational bands (n′ = 0, 1, 2) for the CO A−X transition

� These are well separated from one another

� i.e. no overlap among the bands

• Note the y-axis is reversed (higher λ is down)

• R-branch

� The J levels increase in energy for a few levels

� But then reverse at J = 5

� This leads to a high density of absorption lines and the observed ‘band head’

• The Q, P -branches behave more normally
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• This figure shows two slices of spectra in the Lyman-Werner bands of H2

• Notation

� Solid lines indicate Lyman (B −X) transitions

� Dotted are Werner (C −X) transitions

� Colors indicate the upper vibrational level (n′ = 0, 1, 2, 3..10)

� Numbers indicate the lower rotational level (J ′′ = 0, 1, 2, 3, ..9)

• Unlike CO, the vibrational and electornic bands overlap

� This is a real mess!

� And the opacity for λ < 1100Å from H2 can be enormous!

• The following figures show data (Tumlinson et al. 2002, Prochaska et al. 2009)
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H. H2 Formation

• Why focus on H2 first?

� H is the most abundant element

� H2 acts as a catalyst/seed for more complex molecules

� H2 is the principal source of opacity in the FUV. Its self-shielding inhibits
photodissaociation of other molecules

• Primordial universe

� Conditions

N No metals, no dust

N No photons except the CMB

� Channel 1:
H + H → H2 + γ (96)

N This channel is very slow because the radiative process is strictly forbidden

N Estimated rate
RHH = 10−23n2

H cm−3 s−1 (97)

� Channel 2:

H+ + H → H+
2 + γ (98)

H+
2 + H → H2 + H+ (99)

N Estimated rate of the 2nd reaction

RH+
2
≈ 10−9 nH+

2
nH cm−3 s−1 (100)

N Much faster than H + H

N But, the formation of H+
2 is very slow

N Therefore, this channel is negligible in all astrophysical situations except for
the very early universe (z � 100)

� Channel 3:

H + e− → H− + γ (101)

H + H− → H2 + e− (102)

N Estimated rate
RH− = 1.3× 10−9 nH−nH cm−3 s−1 (103)

N As fast as H+
2 + H

N And the production of H− is much faster than H+
2

N For a mainly neutral region, we have

RH− = 7.5× 10−23

[
T

100 K

] [
x

1.4 × 10−4

]
nnH ; cm−3 s−1 (104)
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� The first star

N The 3rd channel dominates the formation of H2

N This H2 allows a primordial star to cool and collapse within a Hubble time

N See Tegmark et al. 1997, Abel et al. 1998
4 TEGMARK ET AL. Vol. 474

FIG. 1.ÈMolecular fraction needed and molecular fraction produced. The solid, short-dashed, and long-dashed lines correspond to lumps virializing at
50, and 25, respectively. Only clouds above the downward sloping lines (outside the shaded region for can cool in a Hubble time. Thezvir \ 100, zvir \ 100)

upward-sloping lines show the molecular fraction produced in a local Hubble time, so the minimum temperature needed for collapse is that where the pair of
curves cross (solid dots ; È lower require higher virial temperature). Electron depletion is the limiting factor above the thin dotted line, so we see that forzvirthe results are rather independent of the initial ionization fraction.z Z 50

lations further on, we use the exact rate, i.e.,

k
m

\C k3
k3 ] k4/(1 [ x)n

D
k2 ]C k6

k6 ] k7/(1 [ x)n
D

k5 . (14)

Although we integrate the above-mentioned chemical equa-
tions numerically in our analysis, a number of the features
of the solutions can be readily understood from the follow-
ing elementary observations. First note that isequation (12)
independent of f, since the electrons act only as a catalyst in
the reactions that produce Since the right-hand side ofH2.

is not linear but quadratic in x, the residualequation (12)
ionization fraction decays much slower than exponentially.
In the absence of cooling, T and n will remain roughly
constant in the pressure-supported cloud, and the solution
will be

x(t) \ x0
1 ] x0 nk1 t

, (15)

i.e., x ] 0 only as 1/t, where is the recombinationk1 rate.1
Substituting this into we see that f ] 1 asequation (13),
t ] O, i.e., all hydrogen would become molecular if we
waited long enough. With parameters in our range of inter-
est, however, f will remain much less than unity for many
Hubble times. Thus taking 1 [ x [ 2f B 1, equation (13)
has the solution

f (t) \ f0 ] k
m

k1
ln (1 ] x0 nk1t) (16)

1 To obtain better accuracy when z D 103, we use the more compli-
cated rate equations given in in place of the rate fromPeebles (1993, ° 6) k1in our numerical runs.Table 1

when is roughly constant (it will be roughly constantk
mexcept at z D 300 and z D 100, which is when the two radi-

ative dissociation processes go from being dominant to
being negligible). Thus the time evolution separates into
two distinct regimes : and In thex0 nk1 t > 1 x0 nk1 t ? 1.
Ðrst regime, the residual ionization remains roughly con-
stant, and molecules get produced at a constant rate. In the
second regime, electron depletion becomes a serious
problem, and the molecular fraction grows only logarithmi-
cally with time. Since the factor is simply the1/(x0 nk)
recombination timescale, we can rephrase this result as
stating that the molecule fraction produced is f [ f0 \

where is the number of recombi-(k
m
/k1) ln (1 ] Nrec), Nrecnation times elapsed. The transition occurs after about one

recombination time i.e., when(Nrec B 1),

f B f
c
4

k
m

k1
B 3.5 ] 10~4T 31.52

] [1 ] 7.4 ] 108n1~1(1 ] z)2.13e~3173@(1`z)]~1 (17)

for z > 300, a value that is independent of the initial ioniza-
tion fraction The factor in square brackets correspondsx0.
to photodissociation of H~, and can be ignored for z [ 100.

shows as a function of T forFigure 1 f (q
h
) x0 \ 3 ] 10~4,

together with As can be seen, we typically havef
c
(T ).

for i.e., we are well into the electronf (q
h
) [ f

c
zvir ? 50,

depletion regime, which means that the Ðnal molecule
abundance f is rather insensitive to the initial ionized frac-
tion and approximately given byx0 equation (17).

also shows that the three solid dots almost lineFigure 1
up horizontally. In other words, the molecular fraction in
clouds that just barely manage to collapse (where the
molecular hydrogen fraction produced within a Hubble

• Present-day universe

� Metals, dusts and photons: Oh my!

� The dominant formation channel is for H atoms to stick to a dust grain
and form H2 on the surface

� Rate expression

Rd =
1

2
S(T, Td)ηndσdnHvH (105)

N S(T, Td) is the sticking probability of an H atom with temperature T
onto a dust grain at Td

N η is the probability an adsorbed H atom will form H2 on the surface
before evaporating

N vH is the thermal speed of the H atoms

vH = 1.5 × 104T
1
2 (106)

� Taking ndσd = 10−21n with n = 2nH2 + nH

Rd = 5 × 10−17

(
T

100 K

) 1
2

S(T, Td) η(Td) nnH cm−3 s−1 (107)

N At low, but not too low, temperature (5K < T < 75K), S ∼ 1, η ∼ 1
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N Here is a complicated expression from Thielens for η

η =

[
µrH

2kev(H2)
+ 1 +

kev(H)

kpc

]−1

(108)

I. H2 Destruction

• Photodisassociation is the primary channel via FUV photons (11–13.6 eV)

� But, the absence of a direct route inhibits the process

� Only 10–15% of absorbed FUV phtons result in an H2 disassociation
via a bound electronic state

• H2 is very effective at self-shielding

� This requires only 1014 cm−2 H2 molecules

� The disassociation rates interior to this column are greatly reduced

• Estimating the rate

� Complicated calculation requiring one to sum the opacity of all lines
in the Lyman-Werner transitions

� Then, one calcualtes the rates of spontaneous decays to the (unbound)
vibrational continuum above the ground state

� Good luck!

• A crude estimate
Γ0

H2
≈ 4 × 10−11G0 s−1 (109)

� G0 is Habing’s constant, an estimate of the FUV flux density in the Galaxy

� Current estimates are 1.7 higher than Habing’s 1968 estimate

G0 = 1.7× 1.6 × 10−3 erg cm−2 s−1 (110)

• One can compare the formation rate with the photodisassociation rate to estimate
the H2 abudances as a function of total column N

� From Tielens, Sec 8.7.1 (ignoring dust, which may be wrong)

X(H2) =
4N(H2)

N
= 4

(
Rdn

4Γ0
H2

)4 (
N

1014 cm−2

)3

(111)

� Equation X(H2) = 1/4 with the HI/H2 interface, the cloud is half molecular and
half atomic when

N = NDF ≈ 3.7 × 1022

(
G0

n

)4/3

cm−2 (112)

N This is valid for G0/n < 4 × 10−2 cm3 where H2 is the dominant FUV opacity

N For higher radiation fields (e.g. near a bright FUV source), dust opacity will
be more important
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N In thic case, NDF ≈ 4 × 1021 cm−2 corresponding to AV = 2 (see also
Krumholz et al. 2008a)

� Figure from Draine & Bertoldi 1996, ApJ, 468, 269
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J. H2 in the Milky Way and Neighbors

• Locally, we can probe H2 directly in absorption

� Need a bright, UV background source

� And a space telescope for the FUV (Copernicus, FUSE)

• Molecular fractions in diffuse clouds

� Measure N(H2) from Lyman-Werner absorption lines

� Estimate NHI from 21cm observations

f(H2) =
N(H2)

NHI + 2N(H2)
(113)

� Plot.. (Tumlinson et al. 2002, ApJS)
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No. 2, 2002 FUSE SURVEY OF H2 IN SMC AND LMC 871

column densityÈweighted molecular fraction S f T to be

S f T \ ; 2N(H2)
; [N(H I) ] 2N(H2)]

. (2)

In evaluating the average molecular fractions, we include
the FUSE upper limits as measurements, so that S f T from
FUSE is also an upper limit. For the LMC, we Ðnd
S f T \ 0.012 for stars with E@(B[V ) \ 0.00È0.20. For the
SMC, we Ðnd S f T \ 0.010 for stars with E@(B[V ) \ 0.00È
0.12. For the Galactic comparison sample, we Ðnd
S f T \ 0.039 for stars with E(B[V ) \ 0.00È0.12, for com-
parison with the SMC. For Galactic stars with
E(B[V ) \ 0.00È0.20, we Ðnd S f T \ 0.095, for comparison
with the LMC. If we exclude the upper limits in Tables 5
and 6 from the sample, we Ðnd S f T \ 0.010 for the SMC
and S f T \ 0.021 for the LMC, as a result of the large
number of nondetections there.

Figure 8 shows the individual and cumulative molecular
fractions correlated with the total H content, N(H)\N(H I)

The S77 sample shows a clear break near] 2N(H2).
log N(H) \ 20.7, above which all clouds have molecular
fraction This break is usually identiÐed as thefH2

D 0.1.
point at which the cloud achieves complete self-shielding
from interstellar radiation (S77). The LMC and SMC sight
lines show no such clear transition, even at the higher N(H)
they probe. As we show below, the LMC and SMC show
evidence of reduced formation rate of on dust grains andH2of enhanced photodissociating radiation relative to the
Galaxy. In this case, we expect to see a transition from small

with large scatter to a tighter band of high but at afH2
fH2

,
higher total H column density than in the Galactic disk.
The FUSE samples require that such a transition occurs at
log N(H) º 21.3 in the LMC and log N(H) º 22 in the
SMC. Planned observations of several LMC and SMC stars
with E@(B[V ) º 0.20 will address this point in the future.

The lower observed S f T is evidence for lower molecular
abundance in the LMC and SMC. However, there is a
potential systematic e†ect that we must reemphasize. The
S77 survey used column densities, N(H I) and deter-N(H2),
mined from the same Copernicus spectra. This technique
does not su†er the systematic uncertainty of comparing

measurements of N(H I) from radio emission measurements
with a large beam and determined from pencil beamN(H2)
sight lines. Thus, relative to the S77 measurements, we may
underestimate the molecular fraction due to the systematic
overestimate of the H I column determined from 21 cm
emission if a substantial fraction of the H I seen in emission
lies behind the target star or if clumping is signiÐcant below
1@ scales. However, because the average dust-to-gas ratios
for our targets scatter around the average values found for
the LMC and SMC, this problem is unlikely to exceed the
generous error budget assigned to N(H I) (see the discussion
of these issues in ° 2).

A simple model of in an interstellar cloud (Jura 1975a,H21975b) can be expressed as an equilibrium between the for-
mation of with a rate coefficient R (in cm3 s~1) and theH2photodestruction of with rate D (in s~1) :H2

RnH nH I
\ Dn(H2) ^ fdiss ;

J
b(J)n(H2, J) , (3)

where b(J) is the photoabsorption rate from rotational level
J and The coefficient correspondsnH\n(H I)]2n(H2). fdissto the fraction of photoabsorptions that decay to the disso-
ciating continuum and varies from 0.10 to 0.15 depending
on the shape of the UV radiation spectrum. Molecules are
destroyed by photoabsorption in the Lyman and Werner
bands, followed by radiative decay to the vibrational con-
tinuum of the ground electronic state. The formation of

is believed to occur on the surfaces of dust grains butH2may also occur in the gas phase at a lower rate (Jenkins &
Peimbert 1997).

If we further assume a homogeneous cloud and replace
the number densities and with column densitiesnH I

N(H2)
N(H I) and respectively, thenN(H2),

fH2
\ 2RnH I

D
, (4)

where is the molecular fraction deÐned above. Thus, thefH2observed molecular fraction is a measure of interaction
between formation and destruction, and the molecular frac-
tion can be suppressed both by reduced formation rate on
dust grains and by enhanced photodissociating radiation.

FIG. 8.ÈL eft panel : Molecular fraction vs. total H column density for the 44 LMC and 26 SMC sight lines and the S77 sample. Right panel : Cumulative
average molecular fraction for the LMC, SMC, and S77 samples, as a function of the maximum value of the total gas content, N(H)\N(H I)]2N(H2),
considered in the average. The LMC and SMC are more gas-rich than the Galaxy, but they have a lower molecular fraction.

� Results for the Galaxy

N In the Galaxy, the gas becomes molecular at columns of log NH ≈ 20.7

N At lower values, the molecular fraction is negligible because of the ambient
radiation field

� Results for the SMC, LMC

N One requires log NH > 21

N The metallicity is 2− 3× lower

N And the FUV radiation field is higher

• Excitation temperature Tex

� The relative populations of the J-levels are a function of the gas temperature
and FUV radiation field

� For a negligible radiation field (i.e. collisions alone), the J-levels will be
populated by the Boltzman distribution

nJ

n0

=
gJ

g0

exp [−∆E/kT ] (114)

N Most of the time, collisions will dominate the first few J levels at least

N Therefore, TEx will give Tkin

� Radiation excites the J-levels indirectly

N H2 absorbs a FUV photon (Lyman-Werner)

N Then de-excites to the ground-state in an different J-level

N This is referred to as UV pumping

� Example from the distant universe (the Galaxy shows similar behaviours)

N Noterdaeme et al. 2007

N The low J levels trace the kinetic temperature which is Tkin ≈ 90K
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N The higher J levels trace the radation field, characterized by an excitation
TEx ≈ 500K

K. Molecular Gas Beyond the Galaxy

• Problem: Because it is homonuclear, H2 has very weak emission

� Rotational transitions are forbidden!

� Also, the rotational constant for H2 is VERY large

N B(H2) = 87K

N Excitation is difficult in most astrophysical environments

� Absorption works

N But is limited to a small sample of galaxies

N And, sparse sampling of those galaxies

• Solution

� Use another molecule to trace H2

� CO is the preferred molecule, observationally

• 12C16O – surrogate tracer for molecular clouds

� Properties

N Robust molecule

N Most abundant after H2 and H2O

N Rotational constant B = 2.77K

� J = 1 → 0 transition occurs at 2.6mm (115GHz)

� Small dipole moment

N Small spontaneous coefficient

A10 = 6 × 10−8s−1 (115)

N Only a minimal number of collisions are needed to populate the excited level

N J = 1 is populated for nH & 103 cm−3

� Radio observations with high angular resolution trace the kinematics of
molecular clouds

N Optically thick

N Observe typical kinetic temperature of TK ≈ 10K

N 12CO does not directly trace CO gas mass, however

• 13C16O, 12C16O

� Optially thin

� Gas mass and temperature diagnostics


