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IMF  =  ! (log M)

The product ! (log M1) ! (" log M) is thus the number of 

stars in the mass interval "  log M around log M1 ever formed

per unit area (pc#2) in our Galaxy.

An interval of ± 0.3 around log M1 thus corresponds to

a range in masses M1 / 2 to 2 M1.

For low mass stars, " MS > τGal  (i.e. M <0.8 M⊙ ),  

the IMF equals the present day mass function (PDMF). 

For higher mass stars an uncetain correction  must be applied.
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log ! (logM) = 1.41 ! 0.9logM ! 0.28(logM 2)

A related quantity is the slope of the IMF

" =
d log!
d logM

= ! 0.9 ! 0.56logM

Salpeter, in his classic treatment took " =const. =-1.35
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dN =! (logM ) d(log10 M )
dt
T0

where  T0  is the age of the galaxy

and dNis the number of stars in the 

mass range dlogM  created per cubic 

pc in time dt
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Suppose you want to know the fraction by number
of all stars ever born having mass ≥  M  (Here MU  
equals the most massive star is taken to be 100 M;
ML ,  the least massive star, is taken to be 0.1)

Fn (M ) =
ξ(logM ) d logM

M

MU

∫

ξ(logM )dlogM
ML

MU

∫
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How about the total fraction of mass ever incorporated

into stars with masses greater than M?

Xm(M ) =

M ! (logM )dlogM
M

MU

"

M ! (logM )dlogM
M L

MU

"

This quantity is 0.5 for a larger value of M, 1.3 M! .

Half the mass went into stars lighter than 1.3, half into

heavier stars.

  

For simplicity in what follows use a Salpeter IMF,

take ! =-1.35, then " (log M)=C0M
!  and 

" (log M)  d log M = C'M! dM
M

=C '
dM
M1#!

=C '
dM

M 2.35

!
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Complications

• Oscillator strengths:

Need to be measured in the laboratory - still not done with sufficient accuracy
for a number of elements. Historically a bigger problem.

• Line width

• Line blending

Depends on atomic properties but also thermal and turbulent 
broadening. Need an atmospheric model.

• Ionization State

• Model for the solar atmosphere

Turbulent convection. Possible non-LTE effects.
3D models differ from 1 D models. See Asplund, Grevesse,
and Sauval (2009) on class website.

Emission Spectra
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in the photospheric abundance analysis may cause the discrep-
ancy of the meteoritic and solar manganese abundances.

The problem for manganese is reversed for hafnium: the
meteoritic abundance of hafnium is less than that of the photo-
sphere. This could indicate a problem with the photospheric
abundance determination and suggest that line blending is
more severe than already corrected for in current models. How-
ever, two recent hafnium analyses using different models essen-
tially obtain the same abundance, and if there is a problem with
the analysis, it remains elusive. The Hf concentration in CI

chondrites has been accurately determined, because hafnium is
important for LuÐHf and WÐHf dating. The very constant Lu/Hf
ratio discussed earlier closely ties hafnium to other refractory
elements that do not show such large differences in abundance
to the Sun as does hafnium. This issue awaits resolution.

In summary, the agreement between photospheric and mete-
oritic abundances is further improved with the new solar and
meteoritic data. As shown inFigure 6, there is no apparent trend
of solar/CI chondritic abundance ratios with increasing atomic
number or increasing volatility (decreasing condensation
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Figure 6 Comparison of photospheric and meteoritic (CI chondrite) abundances. Only elements with uncertainties below 0.1 dex (! 25%) in the
photospheric abundance determination are shown (data fromTable 1). There are now 36 elements where meteoritic and photospheric abundances
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were higher. Another possibility was that there were additional
ÔhiddenÕ reservoirs. In particular, there was a problem of too
much interstellar oxygen when using the solar oxygen abun-
dance as standard. Where could that excess oxygen be stored?
Some 20% of the solar oxygen abundance must have been
combined with magnesium, silicon, iron, etc., into the amor-
phous silicates observed in the ISM. Another 40% is directly
observed in the gas as atomic oxygen (Meyer et al., 1998). The
ÔmissingÕ 40% of oxygen remained elusive; it could not be in
the form of molecules, for example, H2O and CO, because they
were not observed in sufficient abundance. The recent reeva-
luation of the solar oxygen abundance (Allende Prieto et al.,
2001; Holweger, 2001) and of interstellar oxygen (Sofia and
Meyer, 2001) has resolved this problem. The new solar oxygen
is now only 60% of its previous value, and so there is, and
indeed never was, a problem. Recent interstellar abundance
determinations using observations of solar-type F and G stars
in the galactic neighborhood (Jensen et al., 2005; Sofia and
Meyer, 2001) suggest that many elemental abundances in the
ISM are close to solar abundances and that the observed devi-
ations are random (Jenkins, 2009). However, and asJenkins
(2009) has shown, there still remains an Ôoxygen problemÕ
because its differential depletion is barely consistent with its
incorporation into oxides and silicates at low depletions but
that at high depletions the loss of oxygen from the gas cannot
be accounted for by its incorporation into only oxides and
silicates. This suggests that the ÔmissingÕ oxygen is bound into

a phase with hydrogen and carbon atoms that does not contain
nitrogen (Jenkins, 2009) and that it could be some form of
Ôorganic refractoryÕ material (Whittet, 2010). However, and
for the moment, the ÔmissingÕ oxygen problem remains an
unsolved mystery.

2.2.3 Summary

Updated solar photospheric abundances are compared with
meteoritic abundances. The uncertainties of solar abundances
of many trace elements are considerably reduced compared to
the 2003 compilation. Some of the solar photosphere REE
abundances have now assigned errors of! 5%, approaching
the accuracy of meteorite analyses. The agreement between
photospheric abundances and CI chondrites is further
improved. Problematic elements with comparatively large dif-
ferences between solar and meteoritic abundances are manga-
nese, hafnium, rubidium, gallium, and tungsten. The CI
chondrites match solar abundances in refractory lithophile,
siderophile, and volatile elements. All other chondrite groups
differ from CI chondrites. With analytical uncertainties, there
are no obvious fractionations between CI chondrites and solar
abundances.

Further progress will primarily come from improved solar
abundance determinations. The limiting factor in the accuracy
of meteorite abundances is the inherent variability of CI chon-
drites, primarily the Orgueil meteorite.

The ISM from which the solar system formed has volatile
and moderately volatile element abundances within a factor of
2 of those in the Sun. The more refractory elements of the ISM
are depleted from the gas and are concentrated in grains.
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Figure 9 Abundances of the elements along the line of sight towardz
Oph (z Ophiuchus), a moderately reddened star that is frequently used as
standard for depletion studies. The ratios ofz Oph abundances to the
solar abundances are plotted against condensation temperatures.
Reproduced from Savage BD and Sembach KR (1996) Interstellar
abundances from absorption-line observations with the Hubble Space
Telescope.Annual Review of Astronomy and Astrophysics34: 279Ð329.
With permission from Annual Reviews. The abundances of many of the
highly volatile and moderately volatile elements (red and blue data points,
respectively) up to condensation temperatures of around 700 K are,
within a factor of 2, the same in the ISM and in the Sun. At higher
condensation temperatures, a clear trend of increasing depletions with
increasing condensation temperatures is seen for the silicate-forming
and refractory elements (green and brown data points, respectively). It is
usually assumed that the missing refractory elements are in grains.
Upper limit values are indicated with open symbols and a downward arrow.
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Figure 5

[O/Fe] vs. [Fe/H]: literature abundances for bulge stars. magenta open pentagons: Garc«õa-Perez
et al. (2013); blue open pentagons: Howes et al. (2016); green open pentagons: Lamb et al. (2017);
green Þlled circles: Friaüca & Barbuy (2017); gray 4-pointed stars: Alves-Brito et al. (2010) (same
stars as Mel«endez et al. (2008)); grey open hexagons: bulge dwarfs by Bensby et al. (2013); cyan
3-pointed stars: Cunha & Smith (2006); grey Þlled triangles: Fulbright et al. (2007); grey stars:
Johnson et al. (2014); grey Þlled squares: Rich & Origlia (2005); grey stars: Rich et al. (2012); red
crosses: Ryde et al. (2010); blue open triangles: Siqueira-Mello et al. (2016); blue 5-pointed stars:
J¬onsson et al. (2017); grey Þlled circles: da Silveira (2017); lightgrey Þlled squares: Schultheis et al.
(2017). Color-coded choices follow explanation in the text. Chemodynamical evolution models
with formation timescale of 2 Gyr, or speciÞc SFR of 0.5 Gyr ! 1 are overplotted. Solid lines:
r< 0.5 kpc; dotted lines: 0.5 < r< 1 kpc; dashed lines: 1< r< 2 kpc; long-dashed lines: 2< r< 3 kpc.

present, they were not scaled, due to di! culties in taking into account di " erential studies
relative to stars other than the Sun (Arcturus, µ Leo), and this should be kept in mind.
Theoretical predictions for the Bulge chemical enrichment are also overplotted to the data,
with the goal to illustrate some of the results of the di " erent modeling approaches. Details
on these models can be found in¤4.

3.3.1. ! -elements. The so-called ! -elements include elements with nuclei multiple of the
alpha (! ) particle (He nuclei). The ! -elements observed in the Bulge are O, Mg, Si, Ca,
and Ti. Note that 73.73% of the Ti abundance in the Sun is under the form of 48 Ti,
therefore it dominantly behaves as an ! -element. Among these, O and Mg are produced
during hydrostatic phases of high-mass stars, whereas Si, Ca and Ti are produced mostly
in explosive nucleosynthesis of CCSNe, also called supernovae type II (SN II), with smaller
contributions from supernovae of type I (SNIa).

3.3.1.1. Oxygen. Oxygen abundances as a function of metallicity are one of the most
robust indicators on the process of Bulge star formation rate (hereafter SFR) and chemical
evolution, clearly more so than the other ! -elements, especially because in this case no
contribution from SNIa is expected (e.g. Friaüca & Barbuy 2017).

A discussion on the oxygen abundances in the Bulge was initiated with the work by
Zoccali et al. (2006), Lecureur et al. (2007), and Fulbright et al. (2007), who found Bulge
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Figure 6

[Mg/Fe] vs. [Fe/H] with literature abundances for bulge stars. magenta open pentagons:
Garc«õa-Perez et al. (2013); grey open pentagons: Howes et al. (2016); green open pentagons: Lamb
et al. (2017); grey open pentagons: Casey & Schlaufman (2015); grey open pentagons: Koch et al.
(2016); grey Þlled circles: Lecureur et al. (2007); strong-grey Þlled triangles: Fulbright et al.
(2007); grey 4-pointed stars: Alves-Brito et al. (2010); indianred Þlled circles: Hill et al. (2011);
red Þlled circles: Bensby et al. (2017); grey stars: Johnson et al. (2014); yellow Þlled circles:
Gonzalez et al. (2015a); red crosses: Ryde et al. (2010); grey open triangles: Siqueira-Mello et al.
(2016); grey 5-pointed stars: J¬onsson et al. (2017); turquoise 5-pointed stars: Rojas-Arriagada
et al. (2017). Color-coded choices follow explanation in the text. Chemodynamical evolution
models with formation timescale of 0.3 Gyr, are overplotted (same as in Fig. 5).

varying from one massive-star model to another. Moreover, the contribution from SNIa to
Si and Ca is also non-negligible. These include the elements observed in Bulge stars: Si, Ca,
Ti (for Sc see ¤3.3.3). These elements have a similar behavior in [X/Fe] vs. [Fe/H] in Bulge
stars. In general, an enhancement of [Si,Ca,Ti]! +0.3 up to [Fe/H] !" 0.5 and decreasing
towards higher metallicity is found. Chemodynamical models by Friaüca & Barbuy (2017)
indicated that ! SF = 0.5 Gyr ! 1 best Þts the knee corresponding to the start of SNIa
enrichment, and ! SF = 3 Gyr ! 1 Þts-well the level of the plateau. Given that chemical
evolution models critically depend on the nucleosynthesis prescriptions, their study is more
useful in terms of trends as a function of metallicity, in particular indicating the location
of the knee and as constraints on nucleosynthesis (Friaüca & Barbuy 2017).

3.3.2. Odd-Z elements Na, Al. Both 23 Na and 27 Al are produced, together with Mg, mainly
in carbon and neon burning during hydrostatic phases of massive stars (WW95). The bulk
of 23 Na is produced during carbon burning, however it can be destroyed by proton captures,
and thus depends on the proton-to-neutron ratio. It di ! ers from Al, due to other processes:
about 10% is produced in the hydrogen envelope, in the neon-sodium cycle, and some23 Na
is made from neutron capture on 22 Ne in He burning, in the AGB phase, through Hot-
Bottom Burning processes. In this phase Na is produced, but it is also destroyed (Renzini
et al. 2015, and references therein). At the high-metallicity end, Na appears to increase
with metallicity. Cunha & Smith (2006) were the Þrst to point out a high Na abundance
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Figure 7

[Mn/Fe] vs. [Fe/H] for giant stars from McWilliam et al. (2003) (blue Þlled triangles), Barbuy et
al. (2013) (green Þlled circles), Schultheis et al. (2017) (indianred open circles). Globular clusters
data are from Sobeck et al. (2006) (red Þlled triangles) and Ernandes et al. (2017) (open cyan
squares). For Mn, solid lines correspond to chemical evolution models by (1) Cescutti et al. (2008)
(green), and (2) Kobayashi et al. (2006) (black).

in the most metal-rich Bulge stars. Johnson et al. (2014) conÞrmed this result, considered
as a behavior typical of a secondary-vs.-primary element. This can be due to metallicity-
dependent yields from massive stars, or contribution from AGBs (Ventura & DÕAntona
2009). In all Bulge samples [Al/Fe] vs. [Fe/H] behaves as an ! -element, as already pointed
out by McWilliam (2016). Massive AGB stars can also produce some smaller amount of
Al through the MgAl cycle (Ventura et al. 2013). Kobayashi et al. (2006) presented the
unique available models for the Bulge, well-reproducing the behavior of Al-to-Fe, and that
of Na-to-Fe but with overenhanced Na with respect to observations, and with no upturn of
Na at the very metal-rich end.

It is interesting that Rich (2013) and Johnson et al. (2014) noted that in disk samples,
[Na/Fe] ! +0.1 is constant for all metallicities, thus di ! ering from the Bulge samples.

3.3.3. Iron-peak elements Sc, V, Cr, Mn, Co, Ni, Cu, Zn. The lower iron-peak element
group includes Sc, Ti, V, Cr, Mn, Fe, Co, with 21 " Z " 27 (45 " A" 58). Depending
on temperatures and densities they are produced in explosive oxygen burning, explosive
incomplete and complete Si burning, and for densities typical of CCSNe, ! -rich freeze-
out takes place (Woosley et al. 1994,WW95, Nomoto et al. 2013). The upper iron-group
elements Ni, Cu, Zn, Ga and Ge, with 28 " Z " 32 (57 " A" 72), are produced in mainly
two processes, namely, neutron capture on iron-group nuclei during He burning and later
burning stages, also called weaks-component (e.g. Limongi & Chie " 2003, hereafter LC03)
and the ! -rich freezeout in the deepest layers.

Observed abundances of Sc, Ti, V, Cr, Mn, Fe, Co, Ni, Cu, Zn are available for iron-peak
elements in Bulge stars. Johnson et al. (2014) derived abundances of Cr, Co, Ni and Cu
with Cr, Co and Ni varying in lockstep with Fe. Schultheis et al. (2017) derived abundances
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Figure 17.[Sr/ Fe] (top panel) and [Ba/ Fe] (bottom panel) abundance ratios as
a function of [Fe/ H]. Except for the upper limit in Dra119 (yellow diamond;
Fulbright et al.2004), these are the Þrst Sr measurements in dwarf galaxies.
All the ultra-faint dwarf galaxy [Sr/ Fe] and [Ba/ Fe] abundances (red squares:
UMa II stars; blue circles: ComBer stars) are very low, at the lower end of the
distribution of metal-poor halo stars (black squares and circles). Symbols are
the same as in Figure16.
(A color version of this Þgure is available in the online journal.)

! 3 dex) among halo stars at the lowest metallicities that
is not well understood. Franücois et al. (2007) Þnd that the
neutron-capture abundances generally decrease at the lowest
Fe abundances, i.e., below [Fe/ H] ! " 3.0. Furthermore, most
of the stars with [Fe/ H] ! " 3.5 have very low neutron-
capture abundances (e.g., Sr and Ba; Norris et al.2001), and
this trend is also found in two of the three halo stars known with
[Fe/ H] < " 4.0 (Christlieb et al.2004; Norris et al.2007).

In contrast to the low and uniform Sr abundances in ComBer,
UMa II interestingly shows substantially higher [Sr/ Fe] ratios
in the two stars with [Fe/ H] ! " 3.2 ([Sr/ Fe] ! " 0.8) than
in the star with [Fe/ H] ! " 2.3 ([Sr/ Fe] ! " 1.3, similar
to the ComBer stars). The Sr values of the two extremely
metal-poor stars Þt well into the range seen in halo stars.
Generally, the scatter of Sr abundances strongly increases with
decreasing metallicity [Fe/ H], with more and more stars having
[Sr/ Fe] abundances much lower than the solar value at low
metallicities. Compared with the dwarf galaxy stars, HD 122563
is signiÞcantly Sr-enriched at [Sr/ Fe] ! " 0.6, although this is
still deÞcient by a factor of 4 relative to Fe compared to the Sun.

Even though all of our targets are deÞcient in Ba, we also
observe a pronounced scatter in the [Ba/ Fe] values. The constant
trend of Sr abundances in ComBer is not followed in Ba, with
up to 1.5 dex of scatter (see Figure17). All three ComBer stars
have Ba abundances at or below the lower envelope of the halo
stars; one star, ComBer-S1, is well below the entire Cayrel et al.
(2004) halo sample, at [Ba/ Fe] = " 2.33. The Ba! 4554 • line
in this star is quite weak, as can be seen in Figure2, although
the detection is signiÞcant at the 3" level. Conservatively, one
could regard this measurement as an upper limit, which would

suggest an even more extreme underabundance of Ba. UMa II
is somewhat different from ComBer, with its two most metal-
poor stars also having [Ba/ Fe] ratios towards the low end of the
halo distribution; the star at [Fe/ H] ! " 2.3 has a much higher,
almost solar [Ba/ Fe] ratio, although the abundances of this star
may have a somewhat different origin (see Section3.3.4).

Incomplete mixing could explain the signiÞcant differences
among stars in each of our two dwarf galaxies in Ba, and to
some extent also in Sr. What is telling, though, is that with
minor exceptions, all of the neutron-capture elements in the
ultra-faint dwarf galaxies are at the same level as the lowest
abundances found in the halo.

3.3.2. Upper Limits

For each of the stars we determined upper limits for Y, Zr,
La, Ce, Nd, Sm, and Eu (with the exception of UMa II-S3, in
which we were able to detect Y and La). They are listed in
Tables4, 6, and7. The Y, Ce, and Eu limits are compared with
halo abundances and limits in Figure11. Generally, the limits
indicate deÞciencies in neutron-capture elements relative to the
halo (particularly for our more metal-rich targets), consistent
with the low Sr and Ba values. [Y/ Fe], [Ce/ Fe], and [Eu/ Fe]
in our more metal-rich stars are deÞcient by more than! " 0.5
to " 1 dex. Much higher S/ N data are needed to obtain more
stringent limits and to explore whether all the neutron-capture
elements in the ultra-faint dwarfs have depletion levels of!" 2
dex with respect to the solar value.

3.3.3. Origin of the Heavy Elements in the Ultra-faint Dwarf Galaxies

We now use the observed neutron-capture abundances of our
target stars to infer information about the different nucleosyn-
thetic processes that played a role in the early history of the
ultra-faint dwarf galaxies. At low metallicity, a major distinction
can be made between ther- ands-process signatures, indicat-
ing early SN II (pre-) enrichment or later mass transfer events,
respectively.

Three of our stars have Fe abundances above the threshold
value of [Fe/ H] ! " 2.6 at which thes-process sets in for halo
stars (Simmerer et al.2004), while the other three have lower
metallicities. In principle, this suggests that thes-process could
be responsible for the observed neutron-capture abundance
patterns of the higher-metallicity half of our sample. Indeed,
one of our stars (UMa II-S3, with [Fe/ H] ! " 2.3) may have a
neutron-capture pattern consistent with ans-process signature,
although its overall neutron-capture abundances are very low
(usually thes-rich metal-poor stars exhibit [neutron-capture/Fe]
values of> 0). Since the neutron-capture abundances are so
low it is not entirely clear whether thes-process of a previous
generation of AGB stars could have enriched the gas cloud
with s-material (e.g., through mass loss) from which our target
formed, or if UMa II-S3 received this material from a binary
companion. UMa II-S3 does, however, exhibits the typical radial
velocity variations indicating binarity (see Section3.3.4).

At low metallicities, ther-process is a promising candidate for
the origin of the neutron-capture elements since it is associated
with massive SNe II that are expected to have been present at
very early times. The low Fe abundances ([Fe/ H] < " 2.6) of
our three most metal-poor target stars thus indicate that the gas
from which they formed was probably enriched through the
r-process by SNe II from the previous generation of stars. As
for the two more metal-rich stars (setting aside UMa II-S3 for
the moment), their very low Sr and Ba abundances may suggest
that they too originated from gas enriched by ther-process.
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Figure 18.[O/ Na], [O/ Al], [Na/ Al], and [La/ Eu] abundances are plotted as a function of [Fe/ H] for ! Cen (left panels) and the literature (right panels). The symbols
are the same as those in Figure15. The dotted lines in the [La/ Eu] panels indicate the abundance ratios expected for purer- ands-process enrichment given in
McWilliam (1997).
(A color version of this Þgure is available in the online journal.)

temperatures near 70! 106 K (e.g., Langer et al.1997; Prantzos
et al.2007). If at least part of the abundance patterns found in
! Cen and other globular cluster stars are due to pollution from
external sources, then the currently favored production mecha-
nisms are as follows: (1) hot bottom burning in> 5M" AGB
stars (e.g., Ventura & DÕAntona2009; Karakas2010), (2) hy-
drogen shell burning in now extinct but slightly more massive
RGB stars (Denissenkov & Weiss2004), and (3) core hydrogen
burning in rapidly rotating massive stars (Decressin et al.2007).

While massive, rapidly rotating stars and extinct# 0.9Ð2M"
RGB stars may also reproduce many of the observed light
element trends, presently there are no detailed theoretical yields
spanning a Þne grid of metallicities similar to those available
for intermediate-mass AGB stars. Furthermore, the time scale
of pollution from extinct low-mass RGB stars is at least 2Ð3
times longer than the estimated age spread among the different
! Cen populations, but this does not rule out possible mass
transfer pollution from these objects. Additionally, the massive,
rapidly rotating star scenario is expected to produce a continuum
of polluted stars with varying He abundances (Renzini2008),

which is inconsistent with the singularY = 0.38 value that
seems required to Þt the blue main sequence (e.g., Piotto et al.
2005). Romano et al. (2010) also point out that if the winds
from massive main-sequence stars are also responsible for the
anomalous light element abundance variations in the current
generations of! Cen stars, it is not clear why the He enrichment
was delayed until higher metallicities. However, Renzini (2008)
and Romano et al. (2010) Þnd that intermediate-mass AGB stars
may provide a reasonable explanation for the high He content
in some stars, in addition to theaveragebehavior of [Na/ Fe],
and to a lesser extent [O/ Fe], in! Cen. Therefore, we will only
consider the AGB pollution scenario here, but we caution the
reader that several qualitative and quantitative hurdles remain
in order for AGB pollution to be a viable explanation of light
element variations in globular clusters (e.g., Denissenkov &
Herwig 2004; Denissenkov & Weiss2004; Fenner et al.2004;
Ventura & DÕAntona2005; Bekki et al.2007; Izzard et al.2007;
Choi & Yi 2008).

In Figure22, we plot our derived O, Na, and Al abundances
as a function of [Fe/ H], and overplot the metallicity-dependent
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