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Reaction rate per cm® per sec = nvn, o,

The reaction rate for the two reactants, / and j
asine.g., | (k)L is:
nn;o, ;v

which has units “reactions cm=3 s1”

It is often more convenient to write abundances

. . For example, a term in the rate equation
in terms of the mole fractions,

X, for “C(p,y)"N during the CNO cycle might look like
Y :A_I = PN, Y (ﬂ](moms)[MLlej
so that the rate becomes em’ )\ Mole )\ gm 12
ay(-<C
(PN, V'Y, Y, 0,,v # =-pY(*C)Y, NA<6py(1zC)v> ...

and a termin a rate equation decribing the destruction of Imight be

Equivalent to
dy, 1
— == PYYN, (o),v) +... dn,
; =—nn; <O']iv> + ...

Here { ) denotes a suitable average over energies and angles
and the reactants are usually assumed to be in thermal equilibrium.

The thermalization time is short compared with the nuclear timescale.



For a Maxwell-Boltzmann distribution of reactant energies

flv)= ( m )34m'2“"’"¥';'
~V\zmr = T

The average, over angles and speed, of the cross section times velocity is
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for the reaction I (j, k) L 2
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For Tin 10° K =1 GK, s in barns (1 barn = 10-?* cm?), Eg in
MeV, and k = 1/11.6045 MeV/GK, the thermally averaged
rate factor in cm® s is:

=

1 1 -14 ) /
<ijv> = w."ajk(Eé)EGe 11.6045 E(/ T, dE6
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A= 4 for the reaction I(j,k)L
A+ A

Center of mass system — that coordinate system in which the
total momenta of the reactants is zero.

The energy implied by the motion of the center of mass
is not available to cause reactions.

Replace mass by the "reduced mass"

M]M2
#:4
M, +M,

Read Clayton — Chapter 4.1

Ideally one would just measure the cross section
as a function of energy, put o(E) in the integral,
integrate numerically, tabullate the result as a
function of temperature and proceed. There are
several reasons why this doesn’t usually work

® The energies of importance in stars, which can wait a long
time for a reaction to occur, are generally so low that the
cross section is too small to measure directly.

® The targets are of sometimes radioactive and can’t be made
or handled in the laboratory

® There are too many reactions of interest
Consequently one must use a combination of measurement,
extrapolation, and theory to get useful answers

The actual form of ¢ may be very complicated and depends upon the
presence or absence of resonances however, it is of the form ...



Area subtended by a
de Broglie wavelength

. How much the nucleus I+j looks
in the ¢/m system.

| s

_ 1 Characteristic quantum h,k(f the tqrgct nucleus I “,th
= — mechanical dimension sitting at its surface. Liklihood
k of the system of staying inside R once you get
e there.
_ 2
o(E)=71k* pP(E) X(E)
geometry  penetration nuclear
term factor structure

(Cla 4-180)

probability a flux of

particles with energy E

at infinity will reach the
nuclear surface. Must account
for charges and QM reflection.

see Clayton Chapter 4

Here % is the de Broglie wavelenth in the ¢/m system
, mh* mh* 0.656barns
T 2uE A EMeV)
and 1 barn = 10**cm? is large for a nuclear cross section.
Note that generally EMeV) < 1 and & > R but

nucleus

much smaller than the interparticle spacing.

m,m, | L
U= KE=Zuvi, Vv,,=Vv,-V,
m,+m, 2
~AA . .
A= ~ 1 for neutrons and protons if A, is large
A+A

1 2
~ 4 for ac-particles if A, is large

12 13, A— (12)(1) — 12
og. "ClyyN A= (12+1) 13

For discussion of center of mass energy see

https://www.youtube.com/watch?v=lhwxK49d28Q
https://www.youtube.com/watch?v=mjrQHIJj lil

The barrier penetration term and an overall
quantum mechanical dimension don’t depend on
what happens inside the nucleus

nk’ ph(E)

all the uncertain physics that goes on inside the
nucleus once the reactants have penetrated within
the (well-defined) boundary of the nucleus is in

X(E)

X can be slowly varying with energy — as in
“non-resonant” reactions — or rapidly varying —
as in resonant reactions.

Barrier Penetration
See Clayton Chapter 4.5 and
Appendix 1 to this lecture for derivation

pF, gives the probability of barrier penetration to the nuclear radius R with
angular momentum /. Sometimes the p is absorbed ino the definition of P,.
Here it is not. Under stellar conditions for charged particles

it is usually very small,

pP = % where F, is the regular Coulomb function
£ (m.p) +G;(n,p)
e.g., llliadis 2.162 and G, is the irregular Coulomb function

See Abramowitcz and Stegun, Handbook of Mathematical Functions, p. 537

These are functions of the dimensionless variables

77 é = ;
_ Ih £ 2015752, zNArE contains all the charge dependence
v

contains all the radius dependence

2UE ~
p= Pe R=02187VAER,,



) ) Z7Z¢é
Physical meaning of 1= Ih; nb., both nand p are dimensionless.

The classical turning radius, 7, is given by

1, ZZe
=
oM

T

The de Broglie wavelength on the other hand is

2Z,Z.¢
K=E:L r, = ! zje :nﬁzznx
p W uv v
Hence n:;—;l i.e., half the turning radius measured

in units of the DeBroglie wavelength

The probability of finding the particle inside of its classical turning
radius decreases exponentially with this ratio.

Zé

For low interaction energy, (21>>p, i.e., E << ! Rj )

YA

and Z,#0, pF, has the interesting limit _ Ir,g =0.15752,2 4/ E
Y /

2UE -
p=\ R=O2I8TVAER,

20(1+1)
PE=+2np exp| —27n+4+2np — ‘| Abramowitz and Stegun,
V2np

14.6.7

where
. 1/2
2np =02625(2,2,4R,,)
is independent of energy and angular momentum but depends on nuclear size.
Note:
rapid decrease with smaller energy and increasing charge(n T)

rapid decrease with increasing angular momentum

The leading order term for any constant ¢ is proportional to

pE o< exp(—Zm])

On the other hand,

b
. Z‘UE _R _p_/lv_ l 5
p=\t R=5 2(0)( 0

is just the size of the nucleus measured in de Broglie

wavelengths.

This enters in, even when the angular momentum and
charges are zero, because an abrupt change in potential
at the nuclear surface leads to reflection of the wave

function.

There exist other interesting limits for pP,

for example when 7 is small - as for neutrons where it is 0

12 _
pe<E pE=p
p3
p b= —pe p <<1 for cases of interest
+
P _ for neutron capture
k]
pR=—P—
T 943p7+p
This implies that for / = 0 neutrons ,
the cross section will go as 1/v. _ZZe
hv
2UE =
E"? p=y|"5= R=02187VAER,,
ie., TR pP o E < E7'? i’

For low energy neutron induced reactions, the
cross section times velocity, i.e., the reaction rate

term, is approximately a constant w/r temperature



S-factor (MeV-b)

For particles with charge, providing X(E) does not vary rapidly.

with energy (exception to come), i.e., the nucleus is "structureless"

—27n

O(E) = ik’ pP X(E) <

This motivates the definition of an "S-factor"

S(E)=0(E)Eexp(27mn)

n=0.15752,Z N A/ E
o

A4,+4,

This S-factor should vary slowly with energy. The first order

effects of the Coulomb barrier and Compton wavelength have been

factored out. This is what was plotted in the figure several slides

;1:

back. Its residual variation reflects nuclear structure and to a lesser

extent corrections to the low energy approximation.

Cross section with the DeBroglie and
barrier penetration part divided out.
Proportional to X(E).
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For those reactions in which S(E) is a slowly varying function of energy
in the range of interest and can be approximated by its value at the energy
where the integrand is a maximum, E,,,

S(E)

o) ==

exp(=27n)

172 32 I
8 1
NA<0'v>~NA(Ej (E) S(E,) (J;exp(—E/kT—Zm‘](E))dE

where 1(E) =0.1575A/ E(MeV) zz,

The quantity in the integral looks like

MAXWELL - BOLTZMANN
DISTRBUTION
« exp HEIRT)-E

RELATIVE PROBABILITY

where E | is the Gamow Energy, where the Gaussian has its peak

2/3 ~
Eo=(mE"kT) " nE" ~0.1575VA 2,2 kT= Ty

A 1/3
E, =0122 (Z}Z}AT}) MeV

and A is its full width at 1/e times the maximum

A= (ExT)"? =0237 (ZIZZJZ.AT;)% MeV

V3

A is approximately the harmonic mean of kT and E,,

and it is always less than E,,

11.6045

For accurate calculations we would just enter the
energy variation of S(E) and do the integral numerically.
However, Clayton shows (p. 301 - 306) that

exp(;—f - 271'77) can be replaced to good accuracy by

—(E-E,) i
C exp| ——~— |, i.e. a Gaussian with the same maximum and
(Ar2)

second derivative at maximum

GAMOW PEAK
psp —
T‘ =15 4

T

A s |

RELATIVE PROBABILITY

g,
T e h e
s 0
INTERACTION ENERG( E (keV)

Froune 4.7, Curves for the Gamow peak for the p -~ p reaction at T, = 15, as obtained from the
€xa¢t expression and from the approximation using the Gausssan function
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e.g. *He(o,y)Be at1.5x10” K

0.55

E, =0.122 (Z2Z?ATZ)" Mev 0sof

S, (E) (keV b)

. (3)(4) 0.45
A= =1.714; T,=0.015; Z,=2,=2 !
3+4 ! 0.40
2,12 2\"? r
E, =0.122 ((2)"(2)"(179)(0015)")  Mev 03|
= 002238 MeV = 22.4 keV 00| :
Similarly 00 02 04 06 08 1.0 12
A=0.237 (Z2Z?AT;)" =0.0124 MeV = 12.4 keV E Mev)



In that case, the integral of a Gaussian is analytic*

where S(E ) is measured in MeV barns. If we define

A= NA<O'jkv>

Clayton 4-54 and 56

434 108 uses S inkeV b

454X 2 1 3 and leaves out N

NA <GV> - 4 7 S(EO) T cm’/ (M01e S) otherwise the same
14 answer.

je’*z dx = V1

then a term in the rate equation for species I such as Y;pA4,, has units

Mole \( gm em® )
gm )\cm’ )\ Mole s
Note that 7 here is Na.
AN1/3
E 7?77 A
T= 3E =40248| L1
kT )

*See Appexdix 2 for integral

Adelberger et al, RMP, (2011)
The standard solar values

Different people use different
conventions for A which sometimes

do or do not include p or N,. This
defines mine. Clayton does not innclude

differs from Clayton which
measures Tin 106 K

TABLE I The Solar Fusion II recommended values for S(0), its derivatives, and related quantities, and for the resulting
uncertainties on S(E) in the region of the solar Gamow peak — the most probable reaction energy — defined for a temperature
of 1.55 x 107K characteristic of the Sun’s center. See the text for detailed discussions of the range of validity for each S(E).
Also see Sec. VIII for recommended values of CNO electron capture rates, Sec. XI.B for other CNO S-factors, and Sec. X for

the ®B neutrino spectral shape. Quoted uncertainties are 1o.

Reaction Section S(0) S'(0) S"(0) Gamow peak
(keV-b) (b) (b/keV) uncertainty (%)

p(p,etre)d 11 (4.01 £ 0.04)x107%2 (4.49 + 0.05)x10~2 - +0.7
d(p,y)*He v (2.1455 1) x107* (5.561055) %1076 (9.3539)x107° +71°
3He(*He,2p)*He \% (5.21 £ 0.27) x 10° —4.9 +3.2 (22 £1.7) x 1072 +4.3°
3He(*He,y)"Be VI 0.56 £ 0.03 (—3.6 + 0.2)x107* ¥ (0.151 4 0.008)x1076 ° +5.1
3He(p,etve) He VII (8.6 + 2.6)x1072° - - + 30
"Be(e™,ve)Li VIII See Eq. (40) - - +20
p(pe~,ve)d VIII See Eq. (46) - - +1.01
"Be(p,)*B X (2.08 £ 0.16)x107% © (=3.1 £ 0.3)x107° (2.3 £0.8)x107" +75
“N(p,)"°0O XILA 1.66 + 0.12 (=3.34+02)x107% " (4.4 +0.3)x107° ¢ +7.2

Adelberger (2006) gives corrections (from Bahcall 1966)

for derivatives of S. His eq 4

_ -1
Sy =S(E)|1+7 E+

5

58'E,
— 04

28

"2
S"E?

+...

E=E,

If derivatives are known use Sy instead of S(Ey) in the

integral.

Adelberger et al, RMP, (2011)
The standard solar values

TABLE XII Summary of updates to S-values and derivatives for CNO reactions.

Reaction Cycle S(0) S'(0) S”(0) References
keV b b keV~' b
20(p,7)*N 1 1.344+0.21 2.6x107° 8.3x107°  Recommended: Solar Fusion I
1BC(p,7)"N I 7.6 + 1.0 -7.83x1073 7.29x10™*  Recommended: Solar Fusion I
70+£15 NACRE: Angulo et al. (1999)
“N(p,7)"°0 I 1.66 +0.12 -3.3x107° 4.4x107°>  Recommended: this paper
lr’N(]’), m.)”C 1 (7.3+£0.5)x 10* 351 11 Recommended: this paper
N(p,~)'°0 11 36+6 Mukhamedzhanov et al. (2008)
64£6 Rolfs and Rodney (1974)
2984 5.4 Hebbard (1960)
50(p, )''F 11 10.6 £0.8 -0.054 Recommended: this paper
70(p, a) "N 11 Resonances Chafa et al. (2007)
"0(p,7)"*F 11 6.2+3.1 1.6x107° -3.4x10~7  Chafa et al. (2007)
80(p, a)'*N 111 Resonances See text
80(p,7)"°F v 15.7 4+ 2.1 3.4x107* -2.4x107®  Recommended: Solar Fusion I




Temperature dependence of reaction rates (constant S(E))
A dt A T

=1’e”" T=— == =
4 " dT 3rY? 3T

£=2te’f ar _ e’ dr
dT dT dT

T(df\_ T  NEILEVE Sy
_[_J_Tze-f Gre D) = g (e )5

f\dr
[(dinf) t-2
dinT 3

s fee TN n=

This is all predicated upon S(E, ) being constant, or at
least slowly varying within the “Gamow window”

E,+A/2

This is true in many interesting cases, especially

for light nuclei (no resonances or a single broad
resonance) and very heavy ones (very many
resonances in the window so that average properties
apply). Butitis not always true.

For example, °C + ?C at8x 108 K

S(E) ~ const

S(E) ~ const

S(E) highly

variable

S(E)~ const

173
2 .2 1212
r=4208| 20 e
0.8

=90.66

n= 90'636_ 2295

p+p atl.5x 107K

1/3

1-1

7=4248) —1t1
0.015
=13.67
Lo1367-2

® Truly non-resonant reactions (direct capture and
the like)

¢ Reactions that proceed through the tails of broad
distant resonances

® Reactions that proceed through one or a few
“ ” 1 “ . 29
narrow resonances within the “Gamow window

® Reactions that have a very large number of
resonances in the “Gamow window”



Reaction Mechanisms

1) Direct Capture - an analogue of atomic radiative capture Direct capture provides a mechanism for reaction in
the absence of resonances. Usually DC cross sections are
The target nucleus and incident nucleon (or nucleus) react much smaller than resonant cross sections on similar

without a sharing of energy among all the nucleons. An example

be the direct radiative capture of a neutron or proton and

the immediate ejection of one or more photons. The ejected photons
are strongly peaked along the trajectory of the incident projectile.
The reaction time is very short, ~ R/c ~10-2" s,

nuclei - if a resonance is present.

This sort of mechanism dominates when there are no strong
resonances in or near the Gamow window. It is especially important E P
at low energies in light nuclei where there are few resonances

The S-factor for direct capture is smooth and featureless.

Examples:

*He(at,y)'Be, *H(p,y)’He, *He(*He, 2p)‘He B
IZC(n,,}/)Bc, 48Ca(n,,}/)49ca

. For the reaction I(j,y)L
2) Resonant Reaction:

A two step reaction in which a relatively long-lived

excited state of the “compound nucleus” is formed Excited
— the “resonance”. This state decays statistically without State of L T width T
any memory (other than energy and quantum numbers) TE SRR

of how it was produced. The outgoing particles are not

peaked along the trajectory of the incident particle. . h

(This is called the “Bohr hypothesis” or the “hypothesis I+ t=lifetime of state = T

of nuclear amnesia”). The presence of a resonance says

that the internal structure of the nucleus is important and

that a “long-lived”state is being formed.
Step 1: Compound nucleus formation Step 2: Compound nucleus decay L

(e unpound Siafe) E is the energy of | +j in the center of mass frame
— and the state is characterized by a width T (in energy

E_L ir e i units) given b_y its I|f_et|me against all the ways it can decay,

Sa 2o photon emission being one of them. The excited state

has a certain spin and parity and, depending on the values
might serve as a resonance for the reaction. Some reactions
s R B proceed directly to the ground state.




Resonances may be broad or narrow. The width is given
by the (inverse of the ) lifetime of the state and the
uncertainty principle.

AE At ~ 1

Generally states that can decay by emitting a neutron
or proton will be broad (if the proton has energy greater
than the Coulomb barrier. Resonances will be narrow
if they can only decay by emitting a photon or if the
charged particle has energy << the Coulomb barrier..

r:ri r,=>T,  h=6582x107MeVsec

For this case the S factor is slowly varying in the Gamow “window”.
Say hydrogen burning at 2 x 107 K, or Ty = 0.020

12 C(p ,}/)13N

Gamow
1241

1/3
E._ =0.122 (62 12 ﬂo.of] = 0.0289 MeV = 28.9 keV

1/6
A=0237 (62 pLt o.ozsj ~0.0163 MeV = 16.3 keV
12+1

Note there is no data at energies this low.

As is generally the case, one must extrapolate the experimental
date to lower energies than are experimentally accessible. The
S-factor is useful for this.

E.g., a broad resonance

% ] .
F 1
Cip.y) N ]
. - L W r
e e gl "L SV
1 9

v : i ,‘.J

I

. A ' A

\ X o (24
PROTON ENERCY E_, (keV)

3 2.366 Excitation energy
E(422) =457 - 1.944 Q value for (py)
0.422 MeV  Threshold ¢/m

The energy scale is given in the center of mass
fram (422 keV) needs to be converted to the lab

frame to compare with lab data. Multiply by
(ArtA)(AL1A,)

Consider, however, the reaction **Mg(p,y)” Al

This reaction might be of interest either in hot hydrogen burning
at 30 million K or in carbon burning at 800 million K. Consider the
latter.

Gamow
24 +1

1/3
E._ =0.122 [122 12£0.82j — 0.543 MeV

1/6
A =0237 [122 P2l 0.85) ~0.447 MeV
25+1

That is energies up to 1 MeV are important
Now three resonances and direct capture contribute.



Another Example:

RESONANT PLUS
DIRECT CAPTURE 523
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Resonance contributions are on top of direct capture cross sections

The cross section contribution due to a single resonance is given by the

Breit-Wigner formula:

r.r
2 1= 2
o(E)=rnk ; .
% | (E-E) +(T'/2)
\
Z |
Usual geometric factor oc Fl Partial width for decay of resonance
_0.656 1 b by emission of particle 1
-3 E am = Rate for formation of Compund
nucleus state
. . Partial width for decay of resonance
S IEEEE <D by emission of particle 2
23 +1 = Rate for decay of Compund nucleus
£ into the right exit channel

=
(23, +1)(2d, +1)

See appendix 3 and Clayton
for derivation.

T" = Total width is in the denominator as
a large total width reduces the maximum
probabilities (on resonance) for

... and the corresponding S-factor

Note varying widths and

effects forE >>T"!

3 xz}uv% T I T I T T I T T LSELEEURNL B [ B o6 B )
E™ e 75mev AN F
3 24 25 x> 1
o Mg (p.y) = Al §
2 M L 4 1
;_ .‘:;"v g 1ot
I P e 7S mav 1
Not constant S-factor ~F £ f
; 3
for resonances \"’r 2 | 3
(log scale 111) —— u
F =
- <
08 r é o' 1
-
E ® 1201 keV Y’E
¢ | - DAL sl o 3
E I %‘.r.un«i
r it
04 e 1623 kev. b
F DIRECT E
- CAPTURE -
~ constant S-factor . F E
i 0% 3
for direct capture [ . " :
[
E
i TR Y T M 1 1 | ]
0.2 0.4 06 0. 1.0 12 1.4 1.6

PROTON ENERGY Ep(iob) [Mev]

One can perform the Maxwell Boltzman integral analytically (Clayton 4-193):

For the contribution of a single narrow resonance to the stellar reaction rate:

~11.605 E_ [MeV]

N, <ov>=154-10"(AT,)** wy[MeV]e  °

cm’®

s mole

The rate is entirely determined by the “resonance strength” @Y

27,41 IT,
o Q2J,+1)2J,+1) T

Which in turn depends mainly on the total and partial widths of the resonance at

resonance energies.

decay into specific channels.

Flrz z1—*

1

often I'=T", +I", Thenfor I <<I,——>T'=T,—>
FIFZ

I'<<I'N—TI'=T|,— =T,

And reaction rate is determined by the smaller one of the widths !




Seaction
N(p,7)"0O
O(p,1)"°F
Na(p,a)*Ne
Na(p,7)*Mg
Ma(p,7)*Al

alp,y)*Al
Mg(p.7)7 Al
Al(p,)*"Si
Si(p,y)*'P
P(p,1)¥S
Sc.p, y)*Cl
Cl(p,y)*Ar
Ar(p, 1)K
Cl(p,y)=Ar
K(p.7)“Ca
Ca(p,7)""Sc

E2b (keV) JT
278 1/2
151 1/27
338 1
512 (1,2°
223 12
419 3/2°
435 4
591 1
338 32
454 12

1966  5/2°
406 4t
632 3
992 3
620  1/2
642 1
811 2

1211 712
860 3
918  5/2°
846 1

2042 1

1842 727

)

I HSYHE! ($)

WYem (€V)

1.37(7)

<104

9.7(5)
7.16(29
9.13(12

1.27(9)

4.16(26)
9.42(65) x

2.28(17

2.73(16

7.15(41) x

8.63(52

2.64(16)

1.91(11
1.95(10
5.75
i

5(50

2.50(20) x

10

) x 102
5) x 1072
< 1072
102
1072
<101
< 10!

10

5.15(45)

< 101

x 102
10

4.50(50)

7.00( (X

2.38(19

1.25(16)

1.79(19

1.40(15

)) % 101
) x 10~1
< 10 1

< 101

Savele Enemu  Disgranm

g

(Fig. 24.3; table 249)

Fig. 240, Esergy levels of Mg
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As one goes up in
excitation energy many
more states and many
more reactions become
accessible.
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2+%&=%:":7&'"&)/04"[%>&+%&+&A4"+($) 2& " #B & KER 24" Yo &+
&S%E&"BOA" +#&™8, "H+ [H#" & 1"&") " H2*T &AT &-.&+&("2") "#+"&:
H#-88&+)&"6,+)%$-)&-.&B"#83&SF) " 2#+4%E&&S%C

E=f(!)+akT)*+ b KT)* +.... '("?%gf&/iiigi%
18, +H'$'$-)&.)0'S-)
Oneddinition oftemperature is
1 _as

1 "In#
ﬁ - "E T 38 S=kInQ defines T

where# isthenumber of dates (i.e., the patition fundion)
dlnQ JdInQ a_E

oT oE dT

1 (0E 1 ) Note that T here is not the
dlnQ ~—| — |dT ~ —(2ak T ) dT  stellar temperature but a ficticous
kT aT kT temperature for the nucleons in
the nucleus. The ground state has

an~2adeT=2akT+const T=0
Q ~ C exp(2akT)

and if we identify the excitation energy, E, = a(kT)’

i.e., thefirgt order thermal correction to the internal energy, then

(kT)z _ E The number of excited states
(resonances) per unit excitation
energy increases exponentially
Q=Cexp (anEx ) with the square root of the
excitation energy.
Empirically a = A/9. There are corrections to a for shell

and pairing effects. In one model (back-shifted Fermi gas)
0.482
= AR



What is the cross section when the density of resonances is large?
Take N (>>1) equally spaced identical resonances in an energy interval AE.
For example, assume they all have the same partial widths.

| I\ | \__J | Generate an energy averaged cross section

F_D_4 E+AE
E)dE
AE (o) { o(£) 1Y ol T dE
AE AE | S (E-¢)+T,/4
rr, =
D << AE Sy dE
AE 4 (E-g)+T/4
jooe o N_1L
o(E—g)+T2/4 T AE D
rr TT

T

tot

<0'> = 2ﬂ27&2wﬁ:ﬂ7&2w Lk

I
where T, :27r<—’>
/ D

Level Density at S,

1

T

T — .- T
-

80 | |

T. Rauscher 1996

-
e lol 1
=« 10°
= 100.
10.
. <=1
I T - 'l_ i1 1 B
120 140 160

This gives the Hauser-Feshbach formula for estimating
cross sections where the density of resonances is high.

T(J".E)T}(J".E)
T, (J".E)

V75
— - Y(2J, +1
(2],+1)(2Jj+1)§‘( 1)

JE

0,(E)=

Expressions for the transmission functions forn, p, ! , and !

are given in Woosley et al, ADNDT, 22, 378, (1978). See also

the appendix here. A transmission function is like an average
strength function for the reaction over the energy range of interest.
It includes the penetration function. It is dimensionless and

less than 1. I"#$%9%"& ()#+#+ -#"-(.$/(,&#$& #"I$(012

This formula has been used to generate thousands of cross sections
for nuclei with A greater than about 24. The general requirement
is many ( > 10) resonances in the Gamow window.
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More levels to make
transitions to at higher
Q Q and also, more
phase space for the
outgoing photon.

Q,

3 Lo
E, for electric dipole

T(Q,)>T(Q))

and as a result

T, T,
o, =< =T,
T +T,

is larger if Q is larger

Summary of reaction mechanisms
1G,k)L

-_--.,}F.IA/; il < — Enecyy wv\lln”

[
1 Gompete g »o.w2 (i, l: A 1’; ) h Met

&= o.287 (2 2; ?\T,’}"‘ MeV

BB ) HS+ -$.(/0*-#S, 151 )#2$0" (0$(-#$023"0)4
5,*16$7#8380SBAE1$1%.)#298.), #6$:"#))$1*.)#2;
2:$:<())#-$0"(1$+,-$1*.)#2$0" (0$(-#$)#::$023"0)4$5,*16$
7#8389$,66$=31*.)# 208663+ )#2;8

=:$($-#:%)09%1*.)#(-$:0(52)204$0-(1:)(0#:$210,%:<())#-
-08:#4.02,1:$+,-$6#:0-*.02,88,:0%$,5'2,*:)4%+, -

1* ) #2$<(6#$5431#*0-,13.(/0*-#9%$5*0%():,$0,%:,<#
#>0#10%+,-3."(-3#63/(-02.)#3.(/0*-#$(:$7#))8

I"HSUHSY& (") &SV " Yo+"H# Yo(')$-.%*" ) %o H#"*01%2-3.4%
'5'.966)$$%.3+0'#96)2-5'%*" Yot (-. %/ (-38%6) (%66-(%)23.4).*
#.9%.)*3(%%*"). %*"#(%0'$$%*#/"*01%2-3.4%-44%6)$$%. #

Summary of reaction mechanisms
1G,k)L

® Add the Gamow energy E, to Q-value and look

inside nucleus |+

® Any resonances nearby or in window

™~

No Yes
Right spin and parity?

No Yes

! \
Tail of A few Many
Broad  Narrow Overlapping

Direct Extrapolate  Breit- Hauser-
Capture S-factor Wigner Feshbach
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+ Y(™ s
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H$%& (). (H26#5.()*()'. (VoA T*-(. H &B(9*(H(. #$:() (H5 (-4

€,
[r\ Swl.bnm ("b+
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3 busays *mz_), ase Saka
9 equation
ﬂ(?c‘} 2 N, +n0, an,
N« (2I.-\\C‘e‘/‘” a (kt)
9 &t
3\.‘ Z lel o )e—E\/-Y

| 435968 ()*+%'$S$),)-
%S, *0'S*O#102+*%(34#S&SH2*, (], BIBH3(+&
%(34#$&$H2* (), 5$6*0&*&$34$'0&/'$*,)*+&0'+*18%'$*
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I"HSY0& () *SEHH(+(,)+*) H(H&"" ) Yo&#-Yo#t])+()%0')"+1+%+(,)
$-+4+2)

Weak screening3)B-"6#%#&39:;

<=H)HHEY6&+$-")6 Yo (Yo+-")'>)Yo=H)+ () +*) -2 @*Yo#]) %"
&H>"HSYo) Yo=H) BEHH($H)'>)+(| @ SH#1)6"-8+A-Yo+'()+()%=H)B-
HHSY0&! (*2)<=H)$=-&-SVHEH Vo +$) "H#(,%0=)*$-"H#)>' &) VYo=+*)*
+¥)0b=H)DHB.#)"#(,%=)

172

kT ,

R, =| ——— = Z°+7)Y,
D (4ﬂ62pNAgj C Z( i 1) i

Clayton 2-238 and discussion before

<=+4)+¥)%=#)%.6+$-")"#(,%=)*$-"#)>'&) %=H)$" @*Y%#&+(,)"
+()%=#)6"-*1-2)E#-C)*$&#H#(+(,)="1*) 5>FG) (/7K

I"HS%6& () (# $*&+,8%-$.&/HO0I(1,$(2$/"#0$

2

:¥ exp(—r/Ry)

* 13/&0$#A5ED:$10'S'(2;+22(&0% #1'(0<$+.$/&$(/
2"&=23/"1/>$(0$/"#$,(% (/S HBS/"#$(0/RBOS
2#.1B1/(&0>$/"HOS/"#$H))#;/$8)$2; B##0(0<$(2$10$8CH
B#+:/(&0$&)$/"#$*&+,&%-$.&/#0/(1,$-3510$#0#B<3$
U - Z,Z.¢
o RD

I"(2$.&/#0/(1,$'&#2$0&/$C1B3$<B#1/,3$&C#BI/"#$B#<
["#$B1/#$(0/#<B10'$(2$,1B<#$DE1%&=$#0#B<3F

Roughly the

ion sphere is the volume over

which a given ion can "polarize" the surrounding
electron cloud when that cloud has a thermal

energy ~KT.

Its size is given by equating thermal

kinetic energy to electrical potential energy.
The charge within such a cloud is (Volume)(n, e)

and the charge on each ion is Ze. The volume is 4/3 ! R3D

andn, =Zn,.So

(i,r R j( Znye)(Ze) IHSYE 68, () + " (1%
pE-\3 | &7 )O&Yet, 1" #0"Yett2-"1#034
R, O HE" I 1%t %8, -0"H
2 0" $HY%(%.,&O"+" 4
0"$H-0"+4#"0 #0"(5
Ry~| —*T Compare with Clayton 2-235 070, 790%™ #-0"+#"1#%(%..&
—ne*Z’n,

e.g., the screening
for p+p at the

81%+%#9:0*(0)6#.0&&%.,-C
'33%.,#,1%#<&%++*&%0#" [H

Differs by V3 03#'#$'+A#"0, #="+ #8&%'.,-0"¢

The leading order term in the screening correction
(after considering Mawell Boltzmann average) is

solar centeris  then (Clayton 4-221; see also Illiadis 3.143)

about 5% - Illiadis
P210

U, <<kT

U()
kT

f=1-—2=1+0.188Z,Z, ! "*"* 1, %"

"#$%E&' () #**%+%&,"-./*"*#'012385kpeter and
van Horn (1969)

If Ry becomes less than the inter-ion spacing,
then the screening is no longer weak. Each ion of
charge Z is individually screened by Z electrons.
The radius of the “ion sphere” is

37 )" AR
RZ: _ i.e ‘n=272
4rn, 3




Clayton 2-262, following Salpeter (1954)

shows that the total potential energy of the ion sphere,
including both the repulsive interaction of the electrons
among themselves and the attractive interaction with

the ions, is

n 2%
-1 2 (ze)'} =117.6Z%((Y,)” ev << Gamow energy E,
107 R &
andthdoorrectionfactorto therateis exp(-U, / KT )>> 1‘ with

U,=176 () )2,42,) 1 291 7 v (Claa22s)

More accurate treatments are available, but this can
clearly become very large at high density. See Itoh et al.
I"# , 586, 1436, 2003

Suppose X(E) is slowly varying

Consider just the barrier penetration part (R <r < infinity)

where R is the nuclear radius (where the strong interaction dominates).
Clayton p. 319ff shows that Schroedinger's

equation for two interacting particles in a radial

potential is given by (Cla 4-122) [see also our Lec 4]

()
@ " #)=—"-2Y"(,
®&" A== 0A 3 IHSUOHE (
where $(r) satisfies
2

&1° & 10+1)° ) V(r)= I SR

! +1)! r
(2—F+ (2 )2 +V(r)0/(E+$l(r):O

poar Hr * V=V, F<R

)*(+#"%,-./012 Like the one-electron

atom except forr <R

for interacting particles with both charge and angular

momentum. The angular momentum term represents the

known eigenvalues of the operator L2 in a spherical potential
*The 1/r cancels the r? when integrating! "I over
solid angles (e.g. Clayton 4-114). It is not part of

the potential dependent barrier penetration calculation.

Appendix 1:

Solution of Schrodingers
Equation for Two Charged
Particles with Angular Momentum

Classically, centrifugal force goes like
mv:  m’v’R? L
Fc = = 3 3
R mR mR-

One can associate a centrifugal potential with this,
—12
2mR’
Expressing things in the center of mass system and

[FaR =

taking the usual QM eigenvaluens for the operator L
one has
s
2UR’®



To lve, do ®me variable subgitutions
"2 d_2+ (I +2)!?
#2u dr? 2ur?

divideby E and subditute for VV(r) forr >R

+V(r)! E- ((r) 0

112 g2 1+ ZZ€ %
$ EF+(2 2)E + 'E‘ 11 ((r)=0
M r ur r %

Changeof radiusvariable. Subdituteforr

2UE 2UE 2UE
)=/!“2r d) * ,/!“2 dr  d?)* “ d2r

and for Coulomb interaction 998 ()*
Z Zez 2E "+ - [F9%01$2$,*3$H0AB2HB " #%05* TABT O $#:)*- <$BB** %o +$i
+= = |—
v u
to obtain ! and " are dimensionless
) numbers
1A I+ 2+ %
$ 7t 2 ' ( ())=0
#d) )T )
"'#$%&'() $IE $EIE,"
E | S ke
exp&kT.Z#z e EXp&O /2{
$8' g1 ™ - $E1E, L
S*N o—y o == 0 o\ 3dE
"l Bl © ?‘ >‘°-pr % 71203
$8.J/2$1|3/2 E,zl
=N, o—y o— 3dE
&l HTl © P 12 3
Letx = $ELE, dx=2dE so dE=- dx
&, 12} , 2

1 2E

Can replace lower bound to intergral E = ——=2

by E=-4 with little loss of accuracy (footnote
Clayton p 305) so that

$8 g1 “
- = —— L 2
A%Hz %TZ e 2S(Eo)!:'—') exp;! x* 1dx

88 g1 .
= A%Hz &ﬁz e ES(ED)J—
NG ks

$ 2

%kT)”Z “ov3 #E”2+

3./,09/:%4:%

d’y 2n I(1+1)
—Z +(l-———)x =0
p’ ( » X

Thisisthe solution for
Ra <!

A S 7

x= CFmp)+C,GMmp) C=1 C=i

I"HSHY%6896' ()% +0b, " HYo$H- ./ $%' () %60$$H-./'$%612./234%5.(6,02(7%%
'$#9%, "H%72/.,02(7%25%, "#9%)0554#$#(,0'/%#8." 02(%' ()%, "#%62(7,'(, 7%
6234#%5$23%'99/:0(-%, "#%42.()'$:9%62()0,02(7

The barrier penetration function P, is then given by

" (! )‘ Fz(!=!)+G[2(_I:!)_ 1
\’(R>\ FPULD*GHL D) FPULD+GH(LT)

1 <=
For the oneelectron &om with

H%@=A%0(%,"#%(.3HS', 23966 2$$#79207% 296 Yopeins e
9.$#/:962. ,-20(-%6!"B#%',%0(50(0,:%5$23% Yhoiuson butne i componor
)#6":0(-%7, #C

is Laguere polynomals.

"ooh? 4

I
=g )%e”S(E,) MeV?amu’? barn
N, BU& 9y3( (01575 2z R

_7.2+10™"
Az 7

1]

)?e” S(E,) cm®s™  (Clay 4* 56)

/ :NA<, V> 4.34+10°

A?ZZ S(E,) ) %" cm®/(Mole s)

nb. The unit conversion factor 10" *(6.02+10% i 1.602+10%)"*
=9.82+10"*° converts MeV"?amu *?barn to cm®/s.
Also change u to A amu



" H$%&' ()*(+,-(.,(/01/210.#(3#4,$0$.(/3,44(4#.8,$5

Decaying states in general have an an energy
distribution given by the Breit-Wigner or Cauchy
distribution (Clayton 3-103)*. The normalized probability
that the state has energy E is

I'/27 dE
P(E)dE = T
(E-¢,) +(T/2)
where
r= L IHSYOI& ($) S+ 1+,
! "%'$,/'0+,$1&2+$/$,/'+

and ! is the lifetime

* Solve wave fundion for aquasistationay date

subject to the congraint that "/ k|2 = exp(-t/#). Take
Fourier tranform of ! (t) to ge $(E) and nomalize.

eq W'l

The T% v 10y he
measured or
Lw'nmm“d‘\,) calewlated

I"HSHYOES ()F+#) H-*.) +$(&-HIOH+$UYo* 1H%&, *+$+&, 24) (#
'Uo*, #,8' () *+#1) 33H/&HA) 5 &+ 0 (PEEID) A+& Y& $()*+
<, 8&H=$A&H>? @HA3SO(*+2H#$3, *#="BT EB#8t 2#8CD>EB

rT, 2J +1
o=
(2J,+1D)(2J,+1)

2
o, (E)=nk'w 2 ;
(E-¢) +T2/4

FO&HE HSU&H(6&H=3%()$3#1)-(6,#<3)G&HSH=Y*/$/)3)(0#/;(#1)(6
)&k Y A HEA BIDAOEH Yot (6EHY0&, *+$+ &H(*HIY8SGH: =H)+(#
5$%6)*: #'65++83, BIB&, &ft+*1H#*+($)+HH(68H=E+&(WS()*+#'$'(*%,B
F68#3)"&(). &H#* HSHY&, *+$+ &H),

=1 r,=! !, ! =6582!10%MeVsc
1—* Ol

I"HB068 ($SY6$) & H(+96,#--96.)%$"/'0-1%0)/2) 3B A+ T Yo, #B%: %

" HS068, ()*
+--&itt-(HS$HI-,/1&0$
$%(1-,$23&2280$(45$6/&0$2



Reflection at a Potential Change

For simplicity consider the case where the incident particle has no
charge, i.e., a neutron, and take angular momentum, 1 = 0.

In QM there exists reflection

Energy .
— whether V increases or
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, decreases
— E
reflected 0 Perfecl'ly )
«— x<0 absorbing — E= p_
E+V, what gets in 2u
stays in
2UE 21 1
,—u =P =2 = Cuk
-V, V(x)
x>0

JZuE

K :1/2u(E+VO) ! 1IZ;IVD
!

Wave nunbe forinddent paticles k= x<0

nsdewell

Though br smplicity we took te case
| =0 and Z=0 hee, theresult can begeneralized
to reactants with charge and angular momentum

Forz=0 I'p =1 =0

"#$%$&S'

_ p=—
1 :ile2 =015752,2 R I EZ("y-’)*'G.Z("x-’)
v "\ E(MeV)

v= |2EER, =02187VRE R,(1m)

I (x)=Ae™ +Be'™  x<0 Incident wave plus reflected wave
=Ce® x>0  Wavetraveling to theright

I (x)," Y(x)continuousimplies at x=0, A+B=C

ikA! ikB =iKC
1=
| B_ }lé
A
1+~
k
K., K.,
2 )4 | =
ren (B O WD akik ek IHSUR )+ )" S )&
1A K K Kk +K)2 V+$)"HS&H*+,$0%)"$) "#$,#0
(1+?)2 (1+?)2 ( ) —H)#)F12
andif E<<V,
! "
T:ik :4' kR:L:L]__I SfIP
K /KR /KR 0

1 recal I B, =! =kR
where S= TKR isthe "black nucleus strength function”

I"(+8&H(). $H3-*&*('14$%+&$) "HS%'()$)")$) "H#$,5(1#5.$*.
H)$-5&H#14$'6.+&-) THS)$E&'8*5.$9%

I"HSYHE Yo" () + 4" (H-/B0 H" 1 H"+*0%6)$%%6S(04#/'0&" $(O#/ (+#2*+"$&3.%
40("#21("(0%5##+%

T=4/ Sf("P)

where S, the grength fundion, ould bethoughtof in terms

of resonance propeies as
2

D uR
which is acongant provided that $” %D, thelevel spacing.

#, 329
= D (see 3 pages ahead)

Thisis consstent with the definition

.

Bt | SUH"1#/3.8" B(OH/*&" (F.) 25+$8*33 #89:#/(+#OH*0-#2
*O-#0<H(+H#322%+"$83 Yo TH> 1 S&IH*&&('0" Yot (+H' 1 HI*&"#" 1*"#"1 #
+./3.8"S(OHSYoH3. Yo%ott> 1. O0#" 1 #2(".0"$*3#-(.%HO("#1*? #$0/$0$".3,
Vo1*+2#.-@ .YbH*"#AOHE.0& #'1 #'+*0%)$%6%$(0#S%HS08+ . *%6.-O



"#S%E&H %" ($#)*S+#,*- #)$/"-&#H01-$0+$2%,%3*#*,04*5$0-
#* 3+$1/$#)*$6'%& 7$-"&*"+$%22,1803%#01-$"+*5$0-$#)*$
#,%-+30++01-$/"-&#01-$&%'&"%#01-9$:-7-1;-$2%,%3*#*,+$
%,*$/0#$#1$5%#%9

<1,%$-"&*0%=$>%$7@

A$BSCODBHBSHICHSS /1,$12
CIHISEGSDIFSESS /1,$%'2)%$2%,#0& *+

[2pv
1 k=% v " e0Mev
! KR |2 °

K)0+$0+$;)%#3$0+$"+*530-$#) $t-96%&Y1,3%'0+3

"#$ YH&S'B()*+! -

HS6&™ (. )(H(, '&-*-(/0-('&-*(# 1($2(34*(3-&25$3$026(57&"*~($/
& (‘8- 8($5(-*9:$-*;(O-(L($5(57&"<

=0-(2:%"*025(&2;(& #4&(#&-3$%"*5($3(%&2(>*(54022(@ABBBI(BBC(
34&3(

i3 %, L 125.41Mev
DT EuRee T RRY(fm)

()P

24+ F* $5(34H(ST*25$02*55(-*;:0%*; (25,34 24$%4(7:53(>*
*E&"&3%; (*FH#*-$7*238&"G(>:3($5(>*372(C(&2;(H(@3"#$%&"" (C<HD<|

14%(-*5:'3$2.(?$;345(&-*(0>E$0:5" (E*-"(*2*-."(5*25$3SEYURE & (
>:3(/0-(2*:3-025(&2;(#-03025(203(300(7:%4(*55(348&2(34*(A0:'07>(
*O%- "G (34" (&-*(3"HSY6& ™ (I*+(30(KH+<

I"HBO6&Y6'($)*+, PHSHIr #'(/0((0%"*1"2+0%%"+0(*3-10"-3*#(4

#, .
T, =2" <E> = Strength function * phase space factor

Phase space ! E,* for dipole radiation
E,® for quadrupole radiation

5,-*(+.-"&+,*1"2+0% " *O(*' (‘HSP)*+H#06-"*+%0* 7-*#*2%" (+#"+*
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The decay rate of the state is qualitatively given by (Clayton p 331)  ug0sg

/"1 probability/sec for particle from decaying system to cross large
spherical shell
! :%: velocity at infinity * penetration factor * probability per unit dr
that the particleis at the nuclear

radius £ dr
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where S_4R dr isthe probability per unit radius

R 4/3/'R d (volume)
for finding the nucleon if the density isconstant ~ Volu™e
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