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The reaction rate for the two reactants, / and j
asine.g., I (j,k)L is:
nn;0; ;v

which has units “reactions cm=3 s-1”

It is often more convenient to write abundances
in terms of the mole fractions,

X
YI =—L n, = IONA YI
A, ( gm )(atomsj[Molej
so that the rate becomes cm® )\ Mole )\ gm

(pNA)zY]Yj G]jV
and a termin a rate equation decribing the destruction of I might be

Equivalent to
dyY q
e PYY.N, (0, V) +... dn,
E = — n,nj <GUV> + ...

Here ( ) denotes a suitable average over energies and angles
and the reactants are usually assumed to be in thermal equilibrium.

The thermalization time is short compared with the nuclear timescale.



For example, a term in the rate equation
for “C(p,y)"N during the CNO cycle might look like

dY(2C)
ot

=— pY(*C)Y,N, (o, (*C)v) +...



For a Maxwell-Boltzmann distribution of reactant energies

f(v) \/( m )347712_%%13
1)) = UV € ZK
2wkT '

The average, over angles and speed, of the cross section times velocity is

— ' m$ 3 mv2/2KT
(1, v)=4/ g ) Ve dv

0
3/2 (

ol 8ssT s ) Ed BN gE
()= b i ) n(BIEe

where U 1s the "reduced mass" 1 2ES 11l 2 %
V:#— dV—#— — dE

M m m & 286 mE &%

_ I
H= 12E$ 1! 2 %
M +m. "vidv =" L =— - dE
b e *m& 27%mE%
for the reaction I (j, k) L 2
= =" EdE

m



Center of mass system — that coordinate system in which the
total momenta of the reactants is zero.

The energy implied by the motion of the center of mass
IS not available to cause reactions.

Replace mass by the "reduced mass"

M1M2
l’l:
M, +M,

Read Clayton — Chapter 4.1



"#$%5&'$() +3,5($-+.$/$&'$01#'/$2($01#'S,$(F*° 67 48.$9 &'$
<=3$1'>$ 1" $(2((@:)5A$;<=27-+.$BC<$BC<#71DDE$IF<#1G<>$
#1B<$H16B"#$&'$B /]

6.199 x 10 | 11.6045E../T
(1 V)= 22 (E)E e "5 dE,
A T, 0

. AA -
AR = 'JA\ for the reaction I(j,k)L
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A =1##)#0534#-(4'3/7(0.$)2#'3)"-.$0-6'1321'2$)*$3.'$'%()5
3 A(0'$'0#$2.3().((22+06'$0# 5#)#0$%%& - (Yo (*'. 1$.". 1#
20(--"-#2.30)"3-".((-/$%%". (/#$-+0#"30#2.%8&<
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(0'1$)"%#"3)". 1#'%$;(0$.(0&

A =1#0#'$0#.((1$)&'0#$2.3()-'(4'3) .#0#-.
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Area subtended by a
de Broglie wavelength
in the ¢/m system.
Characteristic quantum

How much the nucleus I+j looks
like the target nucleus I with |
mechanical dimension sitting at its surface. Liklihood
of the system of staying inside R once you get

—4 e
G(E)=nk’ pP(E) X(E)

geometry  penetration nuclear
term factor structure
(Cla 4-180) | . I
probability a flux of
particles with energy E

at infinity will reach the
nuclear surface. Must account
for charges and QM reflection.

" HB00& () HS+&, ("-#.



"HBVO&" (' S+ &+(,*S+-$$&*. $&*$, /#'&00$
128%+2-$-#3"&*(380$. (-#*4(,*$., *5+$.H)#*.$,*$
6"&+$"8))HAB(*4( HS+"#E*230#24

I| 2 ”H(E)

&O0$+"#P2*3# +&(*$)"74(345+"&+$8 ,#4$,*$(*4( #S+"#S
*230#24$, *3HS+ HS H&I+&*+AS" &IHP)HHH+ &+1.$6(+"(*
+HHSOBHOG; (*H#.<$%,2*.&'7$, S+ #$*230#24%(4$(*$

| (E)

=$3&*$%#$40,607$/&'7(*8$6(+"$H* 18 BRI SSH(*
%k A &+ @S HEIH(*45'$'8)(.07$/&'7 (8>
BAS(*SHA, *&F+SHEI+(,*4A



Here! isthe de Broglie wavelenth in the ¢/m system
L2 112 117 0.656barns

uA? 2uE  REMeV)
and 1 barn = 10* cm? islarge for a nuclear cross section.

Note that generally E(MeV) <land! >R __but
much smaller than the interparticle spacing.

I | I
p= T, KEzluvi2 Vi, = V!V,

m, +1m, 2

R= AR ~ 1for nautronsand protonsif A, islarge
A+ A

~ 4 for " -paticlesif A, islarge

ed., “C(p./)°N  R= (—)(E)ﬁ) = %
"H#S%&'()" &S +8(,*- #E"+8./"$,* #01$',,

" H$Y&& () +"+,-(.*/8/0".112341'56789:;<
" HE%&& () +"+,-(#8'0".1123/=><?@A=BC@



https://www.youtube.com/watch?v=lhwxK49d28Q
https://www.youtube.com/watch?v=mjrQHIJj1iI

I"HHSYHE Yo (Y6)H") B (
+069%8&,-".)*(&,/"0)%#&123&" (4&
500%(4$6878&)*&)/$8&-%9): #9608 *H&AYoHS<")$*(

!I'P givesthe probability of barrier penetration to the nuclear radius R with
angular momentum |. Sometimesthe !/ isabsorbed ino the definition of P,.

Hereit isnot. Under stellar conditions for charged particles
itisusualy very small,

/

I[P = :
CR(LD G

"H SR ()* (+,"-., and G, istheirregular Coulomb function

where F, isthe regular Coulomb function

See Abramowitcz and Stegun, Handbook of Mathematical Functions, p. 537
These are functions of the dimensionless variables

ZZ € " 0/4)"0 10 10/A%1E]T *
" |h\1/ =O.1575Z[Zj R/ E /012)(1+%)"%23!%/3)4#!%*15!1

: 1012)(1+%)"'%231%4)*(6+%*1511*
I= 2|“2E R=0.2187V AE R _




7 7€

1]
v

Physical meaning of / = nb., both ! and " are dimensionless.

The classical turning radius, r, is given by

1, ZZ¢€
Pl

o

The de Broglie wavelength on the other hand is

! 22,2 2l
|l =—=—— r, = ZJ =] —=2I"
P LV HV HV
r. . :
Hence ! :2—‘: I.e., half the turning radius measured

in units of the DeBroglie wavelength

The probability of finding the particle insde of itsclassical turning
radius decreases exponentially with thisratio.



On the other hand,

2LE

| =
: 2

R= ? b \/Z(H);!l;i MVZ%

IS jud the Sze of the nudeus measured in deBroglie
wavelengths

This enters in, even when the angular momentum and
charges are zero, because an abrupt changein poentia
at the nudear surface leadsto reflection ofthe wave
fundion.



Z,2¢€

For low interaction energy, (2! >>", i.e,, E<< )
and ZJ. 10, /P hastheinteresting limit / :$ =0.15752,2 A/ E
| /:\/ZE R=0.2187VRER_
IR 21 exp%‘iﬁ#-’ N +1)) !."#$%&'()*+$,-+.)/01,2
& ZONN | 345657

where
. \U/2
2/ " =026252,Z, AR, |
IS independent of energy and angular momentum but depends on nuclear size.
Note:
rapid decrease with smaller energy and increasing charge(/ * )

rapid decrease with increasing angular momentum

The leading order term for any constant ! is proportional to

/R + exp(21 )




There exist other interesting imits for ! P,
for example when " isamall - as for neutronswhereit isO

I #E" IP=!
,3
I P=—— I <<1 for cases of interest
1+!
: for neutron @pture
/
I'P = :

2 Q4312414

I"#$%H& (#)$%* "+ DAa0801)2* .-1$ 2
*"003.-$$%$) 3*#-1%4#((%5-%+$%6789 _44¢

v

EY2 ":‘/zf’—f R=0.218% AER

e, /12"P# —# E™?
E

! =0

For low energy nautroninduced reactions the
cross sctiontimes velodty, i.e., thereaction rate
term, is goproximately a congant w/r temperature



For paticles with charge, providing X(E) does not vary rapidly.
with energy (exceptionto come), i.e., thenudeusis "structureless'
0R"&

I (E)="12#P X(E) $ &

This motivates the ddfinition of an "S-factor”

S(E)=! (E) Eexp(2" &)

&=0.157%2,Z R/ E
S AA
A +A

This Sfactor should vay dowly with energy. Thefirst order
effects of the Coulomb barier and Conpton wavelength have been
factored out Thisiswha was plotted in thefigure severa dides
back. Itsresidud variation reflects nudear sructure and to alesser
extent correctionsto thelow energy goproximation.
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S-factor (MeV-b)

"#SS%IE&'()#*%+)(,%(,&6#/0)& 172
31")&"%4&*&("1()#*%4 1" (%2)5)2&2%#6 (7%

8" #4H" (#*10%(#%9::<7

Need rate
about here
10 Tg
1E+0 —
A BAS0
0 HA50
1E-1 : ® LAS7
. X VO63
¢ RO74
1E-2 § + RO74 (from do/dQ)
: — extrapol.
1E-3
1E-4 o T e
+++++
1E-5 . .

2 2.5
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For those reactionsin which S(E) isadowly varying funaion of energy
In therangeof interest and can beagpproximated by its vdue a the energy
where theintegrand is amaximum, E,,

I (E) ! % exp(" 24%)

Zr (kT; S(E.)-exp(" E /KT " 2#$(E))dE

0

where $(E) :0.1575\/,65?/ E(MeV) Z,Z,

N('v)%N(

The quantity in theintegral lookslike

MAXWELL ~ BOLTZMANN
DISTRIBUTION
« exp (~E/KT) &

GAMOW PEAK

TUNNELING
THROUGH
COULOMB BARRIER

RELATIVE PROBABILITY

o Eo ENERGY



For accurate calculationswe would jud enter the
enagy vaiation of E) and dotheintegral numerically.
However, Clayton shows (p. 301- 306)tha

|
expgt'k—TE ! 2"#2 can bereplaced to good acuracy by

$ 2!
| (E! Eo)™. . o .
C &xp& >—), 1.6 aGaussian with the same maximum and
% (*/2)
second deivative a maximum
- GAMOW PEAK |
10 b~ p+p —
- b T, =15 -
=
—_ P -
&
< r -4
g | -
- 0S b~ EXACT —
s
= '
—
j - GAUSSIAN o
& . SHAPE §
v, Eq 3
5 i . | J I i A | 4 .."'1.‘“4 H-
5

10 5
INTERACTION ENERG(Y E (keV)

FIGURE 4.7. Curves for the Gamow peak for tHe p -~ p reaction at T, = 15, as obtained from the
exact expression and [rom the approximation using the Gaussian function.



where E, isthe Gamow Energy, where the Gaussian has its peak

T9
11.6045

2/3 T
£o=( BT 1 7 01575V R 2,2, KT =

. =
E, = 0.122 (Z2Z2ATZ) ™~ Mev

and! isitsfull width at 1/e times the maximum

i
/3

| (EkT)"? = 0.237 (2PZ2R15)" Mev

I Isapproximately the harmonic mean of kKT and E,
and it isalwayslessthan E,



0.60 | L L
e.g. *He(! ,")Be at1.5x10’ K o Seattle

0.55 ® Weizmann A

s S ERNA 1

E, =0.122 (2?Z2ATZ) Mev > 050F ; LUNA 4

g I _
. (3)(4) = 045p
R = =1.714; T,=0.015;, Z, =Z =2 m I
3+4 ' < 040
13 (@))] L
E =0.122 ((2)2(2)2 (1.71)(0.015)2) MeV 0ss |
= 0.02238 MeV = 22.4 keV 0.30 L
Similarly 0.0

L 16
| =0.237 (2222ATF) " =0.0124 MeV = 12.4 keV



In that case, the integral of a Gaussian isanalytic*  8+9:*&(; <;(9&.(=>

2341 10° $-(2("&@$/B

341 ) 08&.(+$90%-(*,

N, (! v) = 5 5 S(E,)!“e’ cm®/(Moles) *'2$(%1"-$('§$((%3$
14 08-1$%66

where S(E,) ismeasured in MeV barns. If we define ..
y e ax = 1
ik — NA<! jkv> :

then aterm in the rate equation for species| suchas Y,/ “,, hasunits
HHSUBE ()$4) +$(,-$( " HHSUSE,

#Mole&y gm &# cm® & _ . 1*€OS&"*&-(H U6 2"/2(-*35" 3% (
%0 m (%Cm?’( %‘Mole S( =s" F(%(H(&F("&S+,. $( *%(46(72"~(
9 $H'8$-(3"&$6(8+9:*&(*$-(8*4&/+,.$
Notethat / hereis 450
| = SE, _ 4248?02 Z Nf‘ I"HHSY& HY6() *+,-.(/'01"2]
. )$,83%$8'4"'588

"HHS U&EH' () *$+,-$)./#0-12



"HSVOHE HE() ¥+, - [H#0-12&&#13.240-(5&2F8918$$;++,
52&-"#&./83./#0-25-<=-#0-@

("5 5SE S'E2 % *
S, :S(EO):1+!”§152+ 280 + SO +oa T
) See,;

A5-"#&./83./#0-8&#-B42C4-BQ#s.403#8"-25-<(E,-.4-39#-
A3#'&8%=



"HSVOHE HEH()*$+),- +)/01223
45#)6(*7"*&")68$*&)9*$:#6)

TABLE | The Solar Fusion Il recommended values for S(0), its derivatives, and related quantities, and for the resulting
uncertainties on S(E) in the region of the solar Gamow peak b the most probable reaction energy B debned for a temperature
of 1.55! 10’K characteristic of the SunOs center. See the text for detailed discussions of the range of validity for each SE).
Also see Sec. VIl for recommended values of CNO electron capture rates, Sec. XI.B for other CNO S-factors, and Sec. X for
the 8B neutrino spectral shape. Quoted uncertainties are 1! .

Reaction Section S(0) S(0) s*(0) Gamow peak
(keV-b) (b) (b/keV) uncertainty (%)
p(p,e* "e)d 1] (4.01 + 0.04) 10 # (4.49 + 0.05) 10 ** " + 0.7
d(p,#)°He \Y, (2.143%10) 10 4 (5.56:% 28)! 10 ° (9.37%9)! 10 ° + 712
3He(®*He,2p)*He V (5.21 + 0.27)! 10° "49% 3.2 (22+ 1.7)! 102 + 43°
3He(*He #) Be VI 0.56 + 0.03 (" 3.6+ 0.2)! 10 P (0.151+ 0.008) 10 ° °© + 5.1
3He(p,e* "¢)*He VII (8.6 + 2.6)! 10 % " " + 30
"Be(e’ ,"¢)’Li VIII See Eg. (40) " " + 2.0
p(pe ,"e)d VI See Eq. (46) " " + 1.0¢
"Be(p,#)°B IX (2.08 + 0.16)! 10 2°® (" 3.1+ 0.3)! 10 ° (2.3+ 0.8)! 10 ' + 75
“N(p,#)*0 XI.A 1.66 + 0.12 ("33+02)! 103" (44+03)010°° + 7.2




"HSVOHE HEH()*$+),- +)/01223
45#)6(*7"*&")68$*&)9*$:#6)

TABLE XlI Summary of updates to S-values and derivatives for CNO reactions.

Reaction Cycle S(0) S (0) s*(0) References
keV b b keV' ! b
2C(p,)BN I 1.34+ 0.21 2.8 10 3 8.3 10 ®° Recommended: Solar Fusion |
BCcp,)*”N I 76+ 1.0 -7.83 10 3 7.29 10 * Recommended: Solar Fusion |
70+ 15 NACRE: Angulo et al. (1999)
“N@p,1)*o I 1.66+ 0.12 -3.3 10 3 4.4 10 ° Recommended: this paper
BN, "o)tC I (7.3%+ 0.5)! 10* 351 11 Recommended: this paper
BN, 1)*o I 36+ 6 Mukhamedzhanov et al. (2008)
64+ 6 Rolfs and Rodney (1974)
298+ 5.4 Hebbard (1960)
¥op,)YF I 10.6+ 0.8 -0.054 Recommended: this paper
Yo, " )N I Resonances Chafaet al. (2007)
O(p,!)8F 1 6.2+ 3.1 1.6 10 3 -3.41 10 © Chafa et al. (2007)
BO(p," )N 11 Resonances See text
BOo@p,!)°F \Y; 15.7+ 2.1 3.4 10 ¢ -2.41 10 ®* Recommended: Solar Fusion |




Temperature dependence of reaction rates (constant S(E))
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E +A/2

"HSYHEY0-). *%6#0%=809%H0-*)*$-#06%6, &S+ $7%o*$(*, #&"C
20)%'#6"-9%0., *#%20/%)*$/0&0,*$%/) % &% $H#06 *%5)/&+
)*$/0&0,*4%&0+%:*)9%"*&:9%/0*$%2:*)9%=&09%
)*$/08.0,*$%6#0%-"*%68#0+/8%$/%0-"&-%& *) &6+ %)/ (*)-#*$
&(('94@%Y%A. -%#-%#$%0/-%&'889%%-).* @



ALBED. | "#$06& ()f#+,)(-( #+-1.0)(,' 120#+].'[-3.$H+'-(2
4+'%05+6

ALBED(. | T+1.0)(,4-"3H)/++2" . 4#)$84" 4+ -0%,)9'#)-2"
20,.-(."#+,)(-(/+,

AIBOUOBINE ] 74-1.0)(,' 4-. 3t ++2'.4#)$84") (+)# -9+
@-+#0-:% (##),  #+)(-(/+,0.40(" 4+ <=->)"0(2):?

ALBEQ(,. | 7+-1.0)().4-'4-@+- @+H&' Yo-#8+'($>:+#) 9
#+,)(-(/+,'0(.4+" =->);%0(2);



"#3%&' )" $+H#(&, -,
" H#$%& () +,(-%&. +)+/+012-&)13)+(14$)%+53+($B&-%&

788&)(+%28&()/-'0&-9)+/5)$/'$5&/()/-'0&.1/):1%)/-'0&-9")%&+'()
-$(81-()+)98+%%$/2)13)&/&%2<)+41/2)+00)(8&)/-'0&1/9=)>/)&?+4,0&)
@&)(88)53YB B S+($BE(-%&) 13)+)/&-(%1/)1%),%1(1/)+/5
(88)$44&53+(&)&A&'($1/)13)1/8)1%)41%&,),81(1/9=)78&)&A&'(&5),81(1
+96&)9(%1/20<),&+B&5)+01/2)(8&)(%+A&' (1%<)13)(8&)$/'$58/(), %1A&
788&)%&+'($1/)($48)$9)6&%<)981%(C)D)YEFID!G

78$9)91%()13)48&'8+/$94)514%/+(8.9);8&/)(88&%&)+%8&)/1)9(%1/2
%&91/+/'8&9)$/)1%)/&+%)(8&))I1+41;);$/51;=)J()$9)&9,&'$+00<)$4, 1%(+/(
+()01;)&/&%2$8.9)$/)0$28()/-'0&%);889%6&) (8&%&)+%&)3&;)%8&91/+/'&9)
78&)K.3+'(1%)31%)5$%&'()'+,(-%&)$9)9411(8)+/5)3&+(-%&0&99

L?+4,0&9M

*He(! ,")'Be, “H(p,")He, *He(°He, 2p)'He
12C(n,”)13C, 48cdn,n)49ca



"HEY0& V()& HS )+, "-$. (1S%0 (1" /' 2-+# #B(%&"+1™M1'
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1%060"./(66S# &O(L'H#S.+ 1 (L&' Vort+..' $%&"+1.'+1"."/"6 (#
1066$9"2' (#$.+1(1%3$". J#$.$1&4

E
¢ [

" A+n




"H#3%&' () (*#3%)+*,'(_ -

HTHE Y OHLY)+, (H#, (#12,+2#)#1%3)*, 4% 35BAG 8#
060+, *UoSHEX) Yol HPUIK (BH(<+3%<&  ,&#:'1;%8#
= "L ()(+% >?2,8HE¥) VYoHBYo+)5&HEX)* &* +)335H/ *2' <
)(5#:%:;' L5H@"* 2% 1#*2) (#%(% 165#) (SHA) (*<;#(<:B%1&"#
“H' [ ) &HOL'S<+U68>H? 200 <*6', (6#H0) 1%, + 3% &L%o #
0%)C%8#)3'(6#*2%6#+1)DY%+* 15#' #*2%6#, (+,8% (*#0) 1*,+3%>
@72,&#,&#+)33%BE2UR50*2%8&., & '1#* 296125020 &, &#
“HHH(<+39%) 1#):(%8&.,) "SH?2%#01%& Y6 (+ %0 H)H1%E&. () (+%6#&)5&#
*DYHFDUHOOT () IHEF L <+*<LVbH H#* 2Yt(<+3%<&H,&#,:0'1%) (*#)(8#
Q) H)# 3'(6 73,4%R*) V0, &H#BY, (6#:'1:9%68

Step 1: Compound nucleus formation Step 2: Compound nucleus decay
(in an unbound state)

E, iT ir

Sn Atn




"H$%& $#' ()%*"+$,41 01

"HSY68!
(%)%8&*+ *-

-z
o $%/

"4 | I =lifetime of state = —

v
%
1*$.*0/6/&*&0&123*+ *4*5+6**$0*%/& H&O%&L*+,*7)..* 1) 7&
)0'*006/&*.9%6)%&*$. *#/) 1)#%& 1$8& *93*)*:$'UH0*&0& 123
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" HSYHHE! (B)"H + -

2=action Elab (keV) JT WYem (V) Error (%)  Reference
“N(p,7)"*0 278  1/2T  1.37(7) x 1072 5.1 h
*O(p,7)'°F 151 1/2%  9.7(5) x 1074 5.2 g
‘Na(p,x)®*Ne 338 1~ 7.16(29) x 1072 4.0 a
Na(p,v)*Mg 512 (1,2%)  9.13(125) x 1072 13.7 b
Ma(p,y)?2Al 223 1/2+ 1.27(9) x 1072 7.1 c
419 32T 4.16(26) x 1072 6.2 d
Ma(p,y)2Al 435 4~ 9.42(65) x 102 6.9 d
591 1+ 2.28(17) x 1071 7.4 e
=Mg(p,7y)7Al 338 32~  2.73(16) x 1071 5.9 d
454  1/2T  7.15(41) x 1071 5.7 d
1966 521  5.15(45) 8.7 b
“Al(p,7)%Si 406 4 8.63(52) x 1073 6.0 d
632 3 2.64(16) x 1071 6.1 b
992 3t 1.91(11) 5.7 b
“Si(p,7)*'P 620 12—  1.95(10) 5.1 b
“P(p,7)¥S 642 1- 5.75(50) x 10~2 8.7 b
811 ot 2.50(20) x 101 8.0 b
*S(p,7)*Cl 1211 7/2=  4.50(50) 11.1 b
=Cl(p,7)%*Ar 860 3~ 7.00(100) x 107! 14.3 b
=Ar(p,7)¥K 918 52T  2.38(19) x 1071 8.0 f
“Cl(p,y)%Ar 846 1~ 1.25(16) x 1071 12.8 b
*K(p,7y)*Ca 2042 1+ 1.79(19) 10.6 b
“Ca(p,7)"'Sc 1842  7/2t 1.40(15) x 1071 10.7 b
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KT #5./5)#0)$%2")%6#8$%,03-$" +96*

#&$%,03-$0+4%(&$%5)"0,6%+##$
In! ~ 2ak )dT = 2akT + const (%7%8

| ~C exp(2akT)
and if we identify the excitation energy, E, * a(kT)’
l.e., the first order thermal correction to the internal energy, then

(KTY? -~ E, I"HSY6& (#)$*+$H, - HOSLI2/#1
a 3)#1*962%-#14$5#)$8%./$#,-.12] *%
HOOH)BT$.%0-WH21#1$H,5*%#%/.2887

I =Cexp (Zw/aEX) 9./"$/"#$1:&2)#P)**/$*+$/"#$
#,-.121 *%$H%#)67;

Empirically a * A/9. There are correctionsto afor shell
and pairing effects. 1n one modd (back-shifted Fermi gas)

0.482
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This gives the Hauser-Feshbach formula for estimating
cross sections where the density of resonances 1s high.

2 T R
77:7_\« Z(ZJF-Fl) ](‘] 9 )nk( )
(27, +1)(24,+1) G T (J",E)

Ir

5jk (E) =

Expressions for the transmission functions for n, p, @, and vy

are given 1n Woosley et al, ADNDT, 22, 378, (1978). See also

the appendix here. A transmission function 1s like an average
strength function for the reaction over the energy range of interest.
It includes the penetration function. It is dimensionless and

less than 1. See appendix 4 for derivation and details.

This formula has been used to generate thousands of cross sections
for nucle1 with A greater than about 24. The general requirement
1s many ( > 10) resonances in the Gamow window.
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E’ for eectric dipole
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Clayton 2-238 and discussion before
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Roughly the ion sphere is the volume over

which a given ion can "polarize" the surrounding
electron cloud when that cloud has a thermal
energy ~KT. Its size is given by equating thermal
Kinetic energy to electrical potential energy.

The charge within such a cloud is (Volume)(n_e)

and the charge on each ion is Ze. The volume is 4/3 ! Rg
andn_ =Zn,. So

I"H$%" %68 (H)*+ #-".(*1%
)0&Yo#, 1"H0"Yo#2-"#03#

0"+ #, 1% H-" %8&..,-O"#
0" $H#Yo(%.,&0"+#"I#
N0"$#-0"+4#"0,#0"(5

[ 1] 0
ﬁg! RSanze)(Ze)
Ro
2
R, ~ $ K | Compare with Clayton 2235 6%, 7%%"#-0"+#" % (%. &

$4
] 22 .
ﬁg.ez N e

ifEers by +/3
( NAYZ - nZ

81%-+%6#9:0%(0)6#.0&&8%. ,-C
‘3306, ,#, 1 %H#<8Y%b++*&YoH" %
O3HHS'+A#"0, #=+ H&Y'.,-0"



The modified Coulomb potential is then

2
Z

Vze— exp(! r/R,)
r

Clayton eq. 4-215 and discussion leading up to it
shows that, in the limit that Ry >> the inter-ion
separation, then the effect of screening 1s an overall
reduction of the Coulomb potential by an energy

U:L;é
o RD

This potential does not vary greatly over the region where
the rate integrand is large (Gamow energy)
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Clayton 2-262, following Salpeter (1954)

shows that the total potential energy of the 1on sphere,
including both the repulsive interaction of the electrons
among themselves and the attractive interaction with
the 10ns, 1s

" 2 %
U= 190 ﬁ(f:z) -&:! 17.6 ZSB((Ye)U3 eV << Gamow energy E,

and the|correction factor to the rate 1s exp(-U_ / kT )>> 1| with

1U,=176 (V) Uz,+2,) 1V Z° 1 Z®1 eV (Clad-225)

More accurate treatments are available, but this can

clearly become very large at high density. See Itoh et al.
ApJ, 586, 1436, 2003
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Suppose X(E) is slowly varying

Consider just the barrier penetration part (R <r < infinity)

where R is the nuclear radius (where the strong interaction dominates).
Clayton p. 319ff shows that Schroedinger's

equation for two interacting particles in a radial

potential is given by (Cla 4-122) [see also our Lec 4]

v, 0.0)= 2y 0.)

r potential
where Y (r) satisfies
ZZ¢e
A od? I+ )R’ Fn= 7’] >k
|:2,LL 0 + e +V(r)—E:| x,(r)=0
Vir)=V r<R
(Clayton 4-103) Like the one-electron

atom except forr < R

for interacting particles with both charge and angular
momentum. The angular momentum term represents the

known eigenvalues of the operator L2 in a spherical potential

*The 1/r cancels the r* when integrating ¥"¥ over
solid angles (e.g. Clayton 4-114). It is not part of
the potential dependent barrier penetration calculation.



Classcally, centrifugd force goeslike

mv:  mVv°R*  L°
Fc = = T = 2
R mR MR
One can assodate a centrifugd potential with this,
—L?
2mR?
Expressing thingsin the center of mass system and

[Far =

taking theusud QM eigenvduensfor the opeaator L°
onehas
—I(I+1) A°
2 UR*




To solve, do some variable substitutions
-t d? l(l+ l)h2
21 dr’ 2Ur’

+V(r)— E}l;(”) 0

divide by E and substitute for V(r) forr» >R

- d 10+ DR Z[Zje2
2UE dr’  2ur’E rE

—1} x(r) =0

Change of radius variable. Substitute for r

_JPEE L ap >,/2“2Edr Pp HE 1,
7 7 7

and for Coulomb interaction

chain rule

Z Z ez https://en.wikipedia.org/wiki/Change of variables#Differentiation
Z, 2F
n = V= —

hv u

p and n are dimensionless

to obtain

—d* I(I+1) 2n
+ +— -1 =0
|:dp2 pz p :|%l(p)

numbers
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Thisisthe solution for

hes solutions(Abromowitz and Stegun 14.1,1 R <!

LIODEE9#29/#C3',"C/ 'EF643E)"()7E

= CF($,")+C,G($,") C,=1 C,=i

I"H$HY%896' ()%0*+%, "HYUSH-./'$%' ()% 0SSH-./' $%12./234%5.(6,02(7%%
'$HY%,"#%T72/.,02(7%25%, "#%)0554#S5#(,0'/%#8.',02(%' ()%, "#%62(7,'(,7%
6234#%5$23%'99/:0(-%,"#%42.()'$:%662()0,02(7

The barrier penetration function P isthen given by

\'(')\ _RU =)+ =) 1
RE T DTG R DG

1/ <=>
For the onedectron aom with
P"H% @=A%0(%,"#%(.3#$', 2$%625$#7 9204 %o 296 Ypobinsine
9.$#/:%2. "20('%|IB#%|’%O(50(0’ :%5$23‘:)/£I:T?é%|uti0:l butthe radial component
)#6':0(-%7,',#(: is Laguare polynomials.


http://people.math.sfu.ca/~cbm/aands/
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Let x = ;E Ez dxzz'lE sodE:%
0, )
| 2E,

Can replace lower bound to intergral E =

by E=-4 with little loss of accuracy (footnote
Clayton p 305) so that

$8,JJ2$1 3/2 4

- = |\|A%Gz %z e' +'§S(E0)!45 exp;! x2%dx
$8.]/2$1'3/2I
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Hul Gy O

$ , " _ 4 )

STy oz



1/2
i:(gj 4 t°e”"S(E,) MeV"?amu™* bam
u

N, 03 7(0.1575 ZZ \A)
S 72X107F o SEY omPs (Clay 4-56)
AZZ ’

4.34x10°
AZZ

A =N, <GV> = S(E,) %™ cm’ / (Mole s)

nb. The unit conversion factor 107 *(6.02x10*° «1.602x107°)"*
=9.82x107"° converts MeV"?amu"?barn to cm®/s.
Also change u to A amu



" #$06&" () (+,-(.,(/01/210.#(3#4,$0$.(/3,44(4#].8,$5

"#$%&'()*+$+") &) (", $-).$/")F)S)"", (%
0&*+,812+&3")(&/")1%)4N&BBE&(",)3,)7$2#.%
0&*+,&12+&3")87-$%HE399=>)?.")'3, @$-&A"0)B,31$1&-&+%
+.$+)+.")*+$+").$%)"", (%) C) &*

1 /2] dE
(E" 7 P+ ( 12)

P(E)dE =

where

|
s I"H$%1& ' ($)*$+!+,-.
/ "00'$,/'0+,$182+$/$,/'+

and / isthelifetime

* Solve wave fundionfor aquasistationay date

subject to the congraint that "/ I(|2 = exp(-t/#). Take
Fourier trandorm of !/ (t) to gd $(E) and nomalize.



I"HSHYOES! () F+) -+ +$(&-H/0H+$Y%* LHY &, *+$+&, 2#) (#
Vo, #,&' () *+#1)33H/&HA) 5 &+ O (BEAID) 4+ 8Y6H8: 1 $()*+
<, 88H=SA&H>? @HAIS0(*+2#$3, *H=RT B8t 2#8CD>EB

3, 4 = 2] +1
(E%g) +s7/4 (29, + (2, +1)

I (E)="1%

FE&H# HB%&H(6&H=3%()$3#1)-(6,#<3)G&HSH=96*/$/)3)(0#/;(#1)(6
). &+ <+ HHEA+ YO AOEH Vot (6&HYOE, *+$+ &H (*HIY&SGH:; =H#) + (*#
5$00)*: #'6$++&3, BIBE, &H+*1#*+($)+H#(6&H=8+&(%S()*+#"$ (*%,B
F6&#3)"&().&#* " HSHYO& *+$+'&H),

| =—— 1= | = 6.582! 10 *MeV sec

"HSU0& ($SYP) &*H(+%6,#--%.)%$"/'0-1%0)/2) 3GEK( A+ D%, #B% %%
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I"H$ %68 (V- &*+* (&")&'+F*-.+)/"

0(1*2'34$'%'&5%06()2'6" 1+&. "*06+2"*7 "1"*&."<")%6'6") &* 4+ 18 %S . +2*)(
0.+1/"8*'9"98*+%)": & 1()8*+)6*&+:"*+)/:$+1*3(3")&:38*$*<*=9

H)*1J*&." 1" B'2&2*1"#$"%&()

l %' ] >)A 1/5 7.||&.||1*@*|)%1n+2n2*(1*
_______________________________________________________ 6"%1"+2"2
— >
1"#$"%&"6 — ,"1#"%&$5* )
« B*E*= +F2(1F)/'G =P
>D 7.+&*["&2*")* 2
@ 28&+52*") H
2UE 2 1
J '—IJ = |£ :T:T# k
?@ @ABC
B*K*=——»
Wave nunbe for inddent paticles kzﬂ x<0

nddewell

I
o _N2H(E+V,) 2,
! S



I (x)=Ae™ +Be™  x<0 Incident wave plus reflected wave
= Ce'™ x>0  Wavetraveling to theright

I (x)," !(x)continuous implies at x=0, A+B=C

IKA! kB =1KC
K
1=
| B_" k
A 1+K
k
K., K.,
2 —\e 1 | =
T=11 B = U __AKTk _ 4Kk "H$96& () +,$)")BH, )&,
| K Ko (k+K)2 )+$) HE&H/+ $0%)"$) 4,40
L+ ) L+ ) (k+ ) )12
and if E <<V
/ "
LAk _AKR_4 Stip

K /KR !KR
recal I P,=! =kR

where S = % Is the "black nucleus strength function”

'(+&&H(). $H#3-*&*('14$%+&S) " #$%' )$)")$) " #$,5(1#5.$*.
+)$-58#14$'6.+&-)*T#$)$&'8*5.$9%



Though or amplicity we took the case
| =0 and Z= 0 hee, theresult can begenealized
to reactants with charge and angular momentum

ForZ=0

"#$%$&$’

Z,2¢€ A
I =—1  =0.1575 ZZ
" E(MeV)

v
" /ZHE _ JRE
=z R,=0.2187V RE R,(fm)

IP

TR NG D)



I"HBYOHE V0" (J*+ " (#-. /D0 4" L H"+*0%6)$% % $(0#/'0&"$(O#/ (+#2*+"$&3.%
40("#21(" (0%5##%

T=4/ Sf("P)

where S, the srength funaion, ould bethoughtof in terms
of resonance propeaies as

#oo32$
=D IR D (see 3 pages ahead)

which is acondant provided tha $j2 %D, thelevel spacing.

Thisis congstent with the ddfinition

.

6.+ | SYoH"1#/3.&"S(OH/*&" (F#.)25+$8*33, #8O:#/(+HOH*0-#2

*O-# O<H/(+H#322*+"$83. % TH>1$&LH*&& (‘0" Yokt (+#" L H*&"#"1*"#" 1 #
+./3.8"S(OHSYoH3. %6%6H>1.04" 1 #2(".0"$*3#-(.Y#O("#1*? . #$0/$0$".3,
Uo1*+2#.-@ . YoH* " HAOHE. 08 #"1 #'++0%)$%%S(0#SYHS08+.*%6.-9



I"HSUORH" %" (BH)*S+# *- #)$/"-&H#O1-$0+$2%, % 3*#* 04*5$0-
#* 3+$1/$H)*$6'%&7$-"& " +$%22,1803%#01-$"+*5$0-$#)*$
# %-+30++01-$/"-8&#01-$8% & %#01-9$:-7-1:-$2%, % 3*#* +$
0, *$/0HSH#1$5%#%9

<1,$-"&*0$=$>$7@

A$BSCIODEBIHICHSS /1,512
COHISETGSDIESSS /1,$%'2)%$2%, #0& *+
1 2U\V
S= K=, |F e V. " 60MeV
I KR | 2 0
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"H$Y0&96' (B)*+, HSHYOr #"(JO((0%"*1™"2+0%"0(*3-10"-3*#(4

#, .
T, =2" <E> = Strength function * phase space factor

Phase space ! E,® for dipoleradiation
E,> for quadrupole radiation

5;'*(+-'“&+ ,*1"'2+O%"*O(*'(I#$$)*+#6_"*+%*7_*#*2%ll(+#n+*
0. *-$(-*&0B-"*#*99: 0#"+*,0<%$o.-"+20#" @*1%./A

5,-*+ #"(/O((0%" 1" 2+0%" (*+00*+,-*& %" 3*(+#+-*#"3*-#2 *-B20+-3
(HH+-4H <UD G- 35 (-<t H+-B)H" 3 33- 3500 & -+ - ¥ +U0* &+ + U+ HS*
+#"(/0((0%"*1™"2+0%"A
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34&3(

" 312 % 125.41MeV
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UR® & AR?*( fm)
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The decay rate of the state is qualitatively given by (Clayton p 331) "4S%&

!I'1 probability/sec for particle from decaying system to cross large
spherical shell

! :%: velocity at infinity * penetration factor * probability per unit dr

that the particle is at the nuclear

radius = dr
:!—:v P ElzziEPIZ: 3 Ip"?
I | R /,lRR | HRZ I
/ 2
wh 3 - 4R ar IS the probability per unit radius

R 4/3'R d (volume)

for finding the nucleon if the density isconstant ~ VolU™e

! 2 =dimensionless constant < 1
2UE

I 2

R

/ :kRzﬁR:
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