
Lecture 6

p+p, Helium Burning and
Energy Generation

Proton-proton reaction:

  
p ( p,e+

ν
e
)2 H (+0.42MeV)

This cross section is far too small (~10-47 cm2 at 1 MeV)
to measure in the laboratory, but it does have a nearly constant, 
calculable S-factor. 

The theory is straightforward, but complex 
(e.g., Clayton 366 - 368) because it includes a strong interaction
and weak interaction happening in rapid succession.

Two stages:

• Temporarily form diproton (initial wave function can be
probed experimentally with proton scattering). Initial diproton must 
have J = 0 because can�t have protons in identical states.

• Diproton experiences a weak interaction (with a 
spin flip) to make deuteron 2H(Jπ.=1+)

see Lecture 4 for 
energy yield

We shall be terse in our discussion of this reaction, chiefly
because it involves a lot of concepts we have not discussed so far
(weak decays, axial/vector currents, etc), but also because it is 
unimportant in massive stars. Read Adelberger et al, 1998, RMP
(Sec III) for background. This is given at the class website. See also 
Kamionkowski and Bahcall (1994)
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where α  is the fine structure constant, mp is the mass of the proton, 

c is the speed of light, GV and G A  are the Fermi and axial vector

weak-coupling constants, γ = 2µED( )=  0.23161 fm-1  is the deuteron

binding wave number, µ is the proton-neutron reduced mass and ED  is

the deuteron binding energy, (=1), f pp
R  is the phase space factor, (ft)

0+→0+

is the (ft) value for the superallowed 0+ →0+  transitions, Λ is 
proportional to the overlap of the pp and deuteron wave functions,
and δ  is a small correction to the nuclear force for the exchange of 
heavier mesons.



Λ2 is given by the overlap integral between the initial pp wave function
and the final state deuteron wave function. The wave functions are 
determined by integrating Schroedinger�s equation for the two nucleon
system with an assumed nuclear potential. The potential for the pp wave
function must fit the data on proton-proton scattering. Five different 
potentials* were explored by Kamionkowski and Bahcall (1994) and give
results consistent with the quoted error bar. The deuteron wave function
must be consistent with the deuteron binding energy and other experimental
constraints. Seven different possibilities were explored. The overall
error is in Λ2 is about 0.2%.

(ft) and GA/GV are determined by measurements of weak decay in a variety
of nuclei and especially the lifetime of the free neutron. The standard value for 
the latter is 881 +- 2  seconds.  But see Bumm, Science, 360, 605 (2018)
888 or 879? The weak decay here is of the Gamow-Teller type (DJ = 0,1), not 
Fermi (DJ = 0). GT is mediated by the axial current (A).   Fermi is mediated 
by the vector current (V).

The other factors are either accurately measurable (deuteron BE), 
straightforward to calculate (fpp), or complicated and not very
important (δ).

*square well, Gaussian, exponential
Yukawa,  and repulsive core

The overlap is insensitive to the form of nuclear 
potential assumed inside a few fm and is determined
by the tail of the potential at the nuclear surface.

This is highly constrained by proton scattering 
experiments.

Bethe and Critchfield (1938)
Salpeter (1952)

History:

Putting in best values Adelberger (1998, 2011) Rev. Mod. Phys.
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  S(0)=4.01± 0.04×10−25  MeV  barns

theoretical

 3.78 ± 0.15 ×10−25  in Bahcall (1968)
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TABLE I The Solar Fusion II recommended values for S(0), its derivatives, and related quantities, and for the resulting
uncertainties on S(E) in the region of the solar Gamow peak – the most probable reaction energy – defined for a temperature
of 1.55 ⇥ 107K characteristic of the Sun’s center. See the text for detailed discussions of the range of validity for each S(E).
Also see Sec. VIII for recommended values of CNO electron capture rates, Sec. XI.B for other CNO S-factors, and Sec. X for
the 8B neutrino spectral shape. Quoted uncertainties are 1�.

Reaction Section S(0) S0(0) S00(0) Gamow peak

(keV-b) (b) (b/keV) uncertainty (%)

p(p,e+⌫
e

)d III (4.01 ± 0.04)⇥10�22 (4.49 ± 0.05)⇥10�24 � ± 0.7

d(p,�)3He IV (2.14+0.17

�0.16

)⇥10�4 (5.56+0.18

�0.20

)⇥10�6 (9.3+3.9

�3.4

)⇥10�9 ± 7.1 a

3He(3He,2p)4He V (5.21 ± 0.27) ⇥ 103 �4.9 ± 3.2 (2.2 ± 1.7) ⇥ 10�2 ± 4.3 a

3He(4He,�)7Be VI 0.56 ± 0.03 (�3.6 ± 0.2)⇥10�4 b (0.151 ± 0.008)⇥10�6 c ± 5.1
3He(p,e+⌫

e

)4He VII (8.6 ± 2.6)⇥10�20 � � ± 30
7Be(e�, ⌫

e

)7Li VIII See Eq. (40) � � ± 2.0

p(pe�,⌫
e

)d VIII See Eq. (46) � � ± 1.0 d

7Be(p,�)8B IX (2.08 ± 0.16)⇥10�2 e (�3.1 ± 0.3)⇥10�5 (2.3 ± 0.8)⇥10�7 ± 7.5
14N(p,�)15O XI.A 1.66 ± 0.12 (�3.3 ± 0.2)⇥10�3 b (4.4 ± 0.3)⇥10�5 c ± 7.2

aError from phenomenological quadratic fit. See text.
bS0(0)/S(0) taken from theory; error is that due to S(0). See text.
cS00(0)/S(0) taken from theory; error is that due to S(0). See text.
dEstimated error in the pep/pp rate ratio. See Eq. (46)
eError dominated by theory.
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Thursday, March 18, 2010FIG. 1 The stellar energy production as a function of temper-
ature for the pp chain and CN cycle, showing the dominance
of the former at solar temperatures. Solar metallicity has
been assumed. The dot denotes conditions in the solar core:
the Sun is powered dominantly by the pp chain.

that the SSM was designed to describe. The sound speed
profile c(r) has been determined rather precisely over the
outer 90% of the Sun and, as previously discussed, is now
in conflict with the SSM, when recent abundance deter-
minations from 3D photospheric absorption line analyses
are used.

A. Rates and S-factors

The SSM requires a quantitative description of relevant
nuclear reactions. Both careful laboratory measurements
constraining rates at near-solar energies and a supporting
theory of sub-barrier fusion reactions are needed.
At the temperatures and densities in the solar inte-

rior (e.g., T
c

⇠ 15.5 ⇥ 106 K and ⇢
c

⇠ 153 g/cm3 at
the Sun’s center), interacting nuclei reach a Maxwellian
equilibrium distribution in a time that is infinitesimal
compared to nuclear reaction time scales. Therefore, the
reaction rate between two nuclei can be written (Bur-
bidge et al., 1957; Clayton, 1968)

r12 =
n1 n2

1 + �12
h�vi12. (3)

Here the Kronecker delta prevents double counting in
the case of identical particles, n1 and n2 are the number
densities of nuclei of type 1 and type 2 (with atomic
numbers Z1 and Z2, and mass numbers A1 and A2), and
h�vi12 denotes the product of the reaction cross section
� and the relative velocity v of the interacting nuclei,
averaged over the collisions in the stellar gas,

h�vi12 =

Z 1

0

�(v) v �(v) dv. (4)

Under solar conditions nuclear velocities are very well
approximated by a Maxwell–Boltzmann distribution. It
follows that the relative velocity distribution is also a
Maxwell–Boltzmann, governed by the reduced mass µ of
the colliding nuclei,

�(v) dv =
⇣ µ

2⇡kT

⌘3/2

exp

✓
� µv2

2kT

◆
4⇡v2 dv. (5)

Adelberger et al (2011), Rev. Mod. Phys. 83, 195 Helium Burning

Helium burning is a two-stage nuclear process in which two 
alpha-particles temporarily form the ground state of unstable 8Be*.
Occasionally the 8Be* captures a third alpha-particle before it flies
apart. No weak interactions are involved.

unstable

The ground state of 8Be* is unbound by 92 keV to 
α-decay. It has a width Γα = 6.8 eV and a lifetime of 

   
τ = 

Γ
= 6.58x10−22 MeV s

6.8x10−6  MeV 
= 9.7 x10−17  sec The 7.654 MeV excited state of 12C plays a critical role in the 3α

reaction. Its α-width is much greater than its photon width,
so it predominantly decays back to 8Be*, setting up an equilibrium
abundance of 12C*. Γγ is augmented by a small contribution from
pair production.

3

8.9 1.1 eV

3.67 0.46 10  eVx

α

γ

−

Γ = ±

Γ = ±



Recall the Saha equation: (e.g., Clayton p 29). For example,
for ionized and neutral hydrogen:

n(H II) ne

n(H I)
=

G(H II)  ge

G(H I)
2πmekT( )3/2

h3

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

exp(−χ r / kT)

The same thermodynamic arguments (equilibrium, chemical potential,
etc.)also give a nuclear  Saha equation. In particular, the equilibrium
concentration of an unbound transitory 8Be*  nucleus is given by 
8Be*! 2 4He

nα
2

n(8Be)
=

Gα
2
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Qαγ (4He) = BE(8Be*)-2BE(α )=56.4995-2(28.2957)

= -0.0919 MeV Qαγ (4He)/kT = -0.0919  × 11.6045/T9 = -1.066/T9

 
5.94×10

33
Â

3/ 2
T

9

3/21

G = 2J+1

   

n(8Be*)= 5.94×1033 23/2T9
3/2( )−1

nα
2 exp(−1.066 / T9 )

n(8Be*)= nα
2 T9

-3/2 (5.95×10-35)exp(-1.066/T9 ) cm-3

Â= 4× 4
4+ 4

=2

or, since n ≡  ρNA Y   and Y=
X
A

   X(8Be*) = 1.79×10-11 ρXα
2

T9
3/2 e-1.066/T9

For example, at 2 ×  108 K, ρ=103 gcm-3,Xα =1

X(8Be*)≈ 10-9

This works because the dominant decay mode of 8Be* is to 
the same products from which it is assembled, i.e.,

                              α +α 8Be*

n =7.3 x 1016 /cm3

The time scale for establishing this equilibrium is very short.

Now consider the excited state of 12C at 7.6542 MeV. Call it 12C*. It also

has as its dominant width, Γα >>Γγ . That is 8Be*  + α! 12C*

                
n(8Be*)nα
n(12C*)

=5.94×1033T9
3/2 4 i8

4+8
⎛
⎝⎜

⎞
⎠⎟

3/2

e−Qαγ (8 Be* )/kT

                n(12C*) = (5.94×1033)-1 T9
-3/2 12
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⎛
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⎞
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3/2

n(8Be*)nα exp −0.287 / kT( )
 where Qαγ (8Be*) = BE(12C)− BE(8Be*)− BE(α )− 7.6542

= 92.1617 −56.4995 -28.2957 - 7.6542 MeV
                                   = -0.2870  MeV   (*1/k = 11.6045 ⇒  -3.330)

n(12C*) = 3.87×10−35 T9
-3/2 n(8Be*)nα exp −3.330 / T9( )

=3.87×10−35 (5.95×10-35)T9
-3nα

3 exp( − 3.330 / T9-1.066/T9 )

= 2.303×10−69 T9
-3nα

3 exp( − 4.396 / T9 )



The number of 12C formed permanently per second is

R3α = n(12C*)
Γ rad
!

Γ rad is the one thing besides binding energies and excited state

energy that has to be measured
Γ rad =3.41±1.12×10-3 eV (1976)

=3.67±0.46 meV (1988) 
                             = 3.64±0.5 meV (1990)

                       Γe± = 60.5±3.9 µeV

see article by Hale (1997). Current error about 10%  (Sam Austin 2013)   

This gives:
                R3α =1.28×10−56 T9

-3 nα
3 exp(−4.396 / T9 ) cm−3 sec-1

dn12

dt
= R3α

dnα

dt
= − 3R3α

converting to our standard, Yi notation

                 nα = ρNA Yα Yα =
X (4 He)

4

n12 = ρNA Y12 Y12 =
X (12C)

12

dY12

dt
= ρ2 Yα

3 (λ3α / 3!)
dYα

dt
=− 3ρ2Yα

3 (λ3α / 3!)

where
λ3α =3!× NA

2 R3α = 2.79×10−8 T9
-3 exp(−4.396 / T9 ) cm6 gm-2  Mole−2 sec−1

(the units are such that ρ 2 Y
α

3 λ
3α

 has units of Mole/s)

The current value is due to Caughlan and Fowler (1988) using 
mesurements from Sam Austin

                    λ3α =2.79× 10−8 T9
-3 exp (−4.396 / T9 )

                    T9
d lnλ
d ln T

                   0.1                41

                   0.2                19 = 4.396
T9

− 3

                   0.3                12

Unlike most reactions in astrophysics, the temperature dependence
here is not determined by barrier penetration but by the Saha equation. 
In fact, at high temperature (T9 > 1.5)   the rate saturates and actually 
begins to decline slowly as the resonance slips out of the Gamow window.

Slight revisions to

Γγ here

Helium burning 2 – the 12C(α,γ) rate

No resonance in Gamow 
window – stop at oxygen

Resonance in Gamow window
- Oxygen is made !

2- is invisible



resonance
(high lying)

resonance
(sub threshold)

E1E1
DC

resonance
(sub threshold)

E2

some tails of resonances
just make the reaction
strong enough …

complications: • very low cross section makes direct measurement impossible
• subthreshold resonances cannot be measured at resonance energy
• Interference between the E1 and the E2 components

invisible

Sub-threshold resonances 
(See Rolfs and Rodney, Cauldrons in 

the Cosmos, p. 185ff)

 

σ (E)=π
2
ω

Γ1(E) Γ2 (E +Q)

E − Er( )
2
+ Γ(E) / 2[ ]

2

Q

-Er

Tail above 
particle

threshold

E

An excited state of a compound nucleus
lies Er below the threshold of the reaction,
Q. The excited state is known to decay
by γ emission and is characterized by 
a width Gg . Because of this width the state
extends energetically to both sides of Er
on a rapidly decreasing scale. 

E.g, 1 is an α-particle and 2 is

a photon. Γ1 is the probability that the 

α penetrates to the nuclear surface. Γ2  

is the photon width evaluated at E + Q.

e.g., for dipole radiation  

Γ2 =
E +Q

εr

⎛

⎝⎜
⎞

⎠⎟

3

Γγ (εr )

ε
r

Uncertainty in the 12C(α,γ) rate was, for an extended time,
the single most important nuclear  physics uncertainty in astrophysics

Affects: 

• C/O ratio à further stellar evolution (C-burning or O-burning ?)
• iron (and other) core sizes (outcome of SN explosion)
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TABLE I Astrophysical environments and burning stages where the 12C(↵, �)16O reaction plays an important role. The
temperatures of these environments dictate the energy ranges where the 12C(↵, �)16O cross section must well known for an
accurate calculation of the reaction rate.

Burning Stages Astro. Sites Temp. Range (GK) Gamow Energy Range (MeV)
Core Helium Burning AGB stars and Massive Stars 0.1-0.4 0.15-0.65

Core Carbon and Oxygen Burning Massive Stars 0.6-2.7 0.44-2.5
Core Silicon Burning Massive Stars 2.8-4.1 1.1-3.4

Explosive Helium Burning Supernovae and X-Ray Bursts ⇡1 0.6-1.25
Explosive Oxygen and Silicon Burning Supernovae >5 >1.45

Complicating matters, the energy dependence of the
12C(↵, �)16O reaction does not fall into either of these
two specialized categories. Instead, the S-factor is dom-
inated by broad resonances which interfere with one an-
other, a regime in between the two extreme cases dis-
cussed above. Therefore the reaction rate must be de-
termined through numerical integration of Eq. (2). How-
ever, in addition to these broad resonances there are also
a few narrow resonances that are superimposed upon
them. Because of practical experimental considerations
(i.e. target thickness and accelerator energy resolution),
the strengths of these narrow resonances are much eas-
ier quantities to measure accurately than the individual
widths or actual cross sections over them. Therefore,
in practice, numerical integration of Eq. (2) is used in
conjunction with the narrow resonance specific form of
Eq. (6) to calculate the total rate of the 12C(↵, �)16O
reaction. This process is described in more detail in
Sec. IX.

The following section is dedicated to outlining our
present knowledge of the reaction mechanisms and the
underlying nuclear structure and reaction phenomena
that are needed for an accurate calculation of the reac-
tion rate. For an informed extrapolation it is important
to treat and determine the 12C(↵, �)16O cross section as
a nuclear physics problem that can only be solved by un-
derstanding the complex quantum mechanics of the reac-
tion mechanism. Further, nuclear theory, as discussed in
Secs. III and IV, calculates the di↵erent multipolarities
of the reaction independently. Thus for the extrapolation
to be made, it is necessary to not only measure the total
cross section as a function of energy �(E), but also to
understand its composition in terms of photon multipo-
larities and 16O final states.

III. NUCLEAR PHYSICS ASPECTS

The reaction mechanism of 12C(↵, �)16O, and therefore
its cross section or S-factor, is characterized by strong
resonant and non-resonant contributions and the inter-
ference e↵ects between these components. The strength
of these components is directly associated with the nu-
clear structure of the 16O nucleus. Being doubly magic it
has been the subject of numerous studies and its unique

level structure has provided a long standing challenge for
theoretical descriptions.

The 16O compound nucleus is represented schemati-
cally in Fig. 2. It has four particle bound excited states at
excitation energies: E

x

= 6.05, 6.13, 6.92, and 7.12 MeV.
As an even-even nucleus, the spin of the ground state is
J⇡ = 0+ and the four excited states are 0+, 3�, 2+, and
1� respectively. The two odd parity states are considered
to be single particle configurations that can be described
well in the framework of the shell model, while the two
of even parity have been characterized as cluster config-
urations that require a microscopic potential or cluster
model approach (Langanke and Friedrich, 1986). From
the following cluster model discussions in Sec. III.B, one
might expect that the separation energy S

↵0 of the 16O
CN into an ↵ particle and the ground state configuration
of 12C is at E

x

= 7.16 MeV. It will become of utmost rele-
vance for the reaction rate that S

↵0 is only a few hundred
keV above the 2+ and 1� bound states. It is useful to
note that all of the excited bound states that � decay,
do so to the ground state with nearly 100% probability.
Angular momentum and spin selection rules dictate that
if the 16O compound nucleus is formed by a 12C+↵0 re-
action (intrinsic spins both equal to 0), then only states
with J = l and ⇡ = (-1)l (natural parity states), where
J is the total spin and l is the relative orbital angular
momentum, can be populated. With the limitation to
only natural parity states, the �-ray decay selection rules
give that only electric transitions to the 0+ ground state
can occur. Further, �-ray decays from 0+ to 0+ states
are strictly forbidden.

The 12C(↵, �)16O cross section is greatly influenced
by the isospin of the states in 16O. The two 1� levels
that most influence the low energy cross section, those
at E

x

= 7.12 MeV (bound) and 9.59 MeV (unbound)
are T = 0, for which E1 �-ray decays would be strictly
forbidden to the ground state if the states were isospin
pure. However, the Coulomb interaction breaks isospin
symmetry, causing the states to become isospin mixed,
allowing for such transitions to take place, albeit at a re-
duced strength. This is the primary reason that the E1
and E2 multipolarity components of the 12C(↵, �0)16O
cross section are of nearly equal strength. In fact, the
earliest studies of the 12C(↵, �)16O reaction were made



Woosley and Weaver,
Physics Reports (2007)

Pr ediction:

(300 keV) = 170 keV-barnsS

See also Woosley & Weaver,
Phys. Reports, 227, 65, (1993)

Buchmann, L. 1996, ApJ,
468, L127 gives fits good

at both low and hi T

Kunz et al., ApJ, 567, 643, (2002)

This corresponds to 1.2 times Buchman (1996)
and is what has been used in KEPLER for many
years. 
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FIG. 3 (Color online) Comparison of all E1 and E2 cross sections measured to date. The early works of Jaszczak et al.
(1970); Jaszczak and Macklin (1970); and Kettner et al. (1982) give only total cross sections. These are demarcated by an
(*). As a standard for comparison, the R-matrix fit described later in this work is also shown. The solid red line shows the
E1 contribution (except where only the total is given) while the red dashed line gives the E2 contribution. No normalization
factors have been applied to the data. It should be noted that the region of astrophysical interest is at roughly Ec.m. ⇡ 300 keV,
far below the lowest energy measurements at Ec.m. ⇡ 1 MeV.

dered by background produced from the high cross sec-
tion 13C(↵, n)16O reaction. Indeed several studies were
made simply to characterize this reaction (see e.g. Jones
and Wilkinson (1953)), which is a background for all ↵
induced reaction studies. A comparison of the cross sec-
tions is shown in Fig. 4 where it can be seen that that of
the 12C(↵, �)16O reaction, on top of the lowest energy 1�

resonance, is more than six orders of magnitude smaller
than that of the 13C(↵, n)16O reaction. Only upper lim-
its were determined by Allan and Sarma (1955), not sur-
prising in hindsight, as it is now known that the capture
cross section at E

↵

= 1.6 MeV is about 0.2 nbarns!

An estimate for the astrophysical 12C(↵, �)16O cross
section was given soon after by Burbidge et al. (1957),
using the most basic kind of resonance theory: a single-
level Breit-Wigner (Breit and Wigner, 1936). The analy-
sis was limited to only the contribution from the 1� sub-

threshold state at E
x

= 7.12 MeV with the �-ray width
measured by Swann and Metzger (1956) and assuming
✓2
↵

(7.12) = 0.1. This result was later updated by Fowler
et al. (1967) using an improved resonance energy, �-ray
width (Swann and Metzger, 1957), and a theoretical cal-
culation of ✓2

↵

(7.12) (Stephenson, 1966) that was in rea-
sonable agreement with the result of the first ↵-transfer
reaction experiment (Loebenstein et al., 1967).

Bloom et al. (1957) (at Brookhaven National Lab-
oratory) were the first to resolve a signal from the
12C(↵, �)16O reaction. This was done by subtracting out
the large background produced by the 13C(↵, n)16O re-
action. A thick target (450 µg/cm2) technique was used
and measurements were made over an ↵ energy range
from 3.00 to 3.45 MeV. These measurements were asso-
ciated with decays of � rays from the E

x

= 9.59 MeV
state, whose � decay width was of great interest at the

deBoer et al 2017 (on class website)
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TABLE IV Extrapolations of the 12C(↵, �)16O S-factor to Ec.m. = 300 keV categorized by either cluster model calculations
are phenomenological fits. The abbreviations used below are for the generalized coordinate method (GCM) and potential
model (PM) for the theoretical works and Breit-Wigner (BW), R-matrix (R), and K-matrix (K) for the phenomenological
calculations. Hybrid R-matrix (HR) models have also been used in an e↵ort to connect the phenomenological calculations more
closely to more fundamental theory.

S(300 keV) keV b
Ref. E1 E2 Cascades Total Model

Cluster Models

Descouvemont et al. (1984) 300 90 GCM
Langanke and Koonin (1985) 160-280 70 <10c 230-350 HR&PM

Funck et al. (1985) 100 PM
Redder et al. (1987) 140+120

�80 80±25 7±3c 1.3+0.5
�1.0

d R&PM
Descouvemont and Baye (1987) 160 70 GCM

Ouellet et al. (1992) 1+6
�1 40±7 R&PM

Descouvemont (1993) 90 GCM
Ouellet et al. (1996) 79±16 36±6 120±40 R,K,PM

Dufour and Descouvemont (2008) 42±2 GCM
Katsuma (2012) ⇡ 3 150+41

�17 18.0±4.5e 171+46
�22 PM

Xu et al. (2013) (NACRE2) 80±18 61±19 6.5+4.7
�2.2

e 148±27 PM
Phenomenological Fits

Burbidge et al. (1957) 340 340 BW
Barker (1971) 50-330 50-330 R

Koonin et al. (1974) 80+50
�40 80+50

�40 HR
Dyer and Barnes (1974) 140+140

�40 140+140
�40 R&HR

Weisser et al. (1974) 170 170 R
Humblet et al. (1976) 80+140

�70 80+140
�70 K

Kettner et al. (1982) 250 180 12(2)c,d 420+160
�120 BW

Langanke and Koonin (1983) 150 or 340 <4% of E1 150 or 340 HR
Barker (1987) 150+140

�60 30+50
�30 R

Kremer et al. (1988) 0-140 R&HR
Filippone et al. (1989) 0-170 5-28 0-170 K

Barker and Kajino (1991) 150+170
�70 or 260+140

�160 120+60
�70 10c 1-2d 280+230

�140 or 390+200
�230 R

Humblet et al. (1991) 43+20
�16 7+24

�5 50+30
�20 K

Humblet et al. (1993) 45+5
�6 K

Azuma et al. (1994) 79±21 or 82±26 R&K
Buchmann et al. (1996) 79±21 70±70 16±16a,c,d 165±75 R&K

Hale (1997) 20 R
Trautvetter et al. (1997) 79 14.5 BW

Brune et al. (1999) 101±17 42+16
�23 R

Roters et al. (1999) 79±21 R
Angulo and Descouvemont (2000) 190-220 R

Gialanella et al. (2001) 82±16 or 2.4±1.0 R
Kunz et al. (2001) 76±20 85±30 4±4e 165±50 R

Tischhauser et al. (2002) 53+13
�18 R

Hammer et al. (2005b) 77±17 81±22 162±39 R
Buchmann and Barnes (2006) 5+7

�4.5
a 7+13

�4
c R

Matei et al. (2006) 25+16
�15

a R
Matei et al. (2008) 7.1±1.6c R
Tang et al. (2010) 86±22 R

Schürmann et al. (2011) <1a R
Schürmann et al. (2012) 83.4 73.4 4.4e 161±19(stat)

+8
�2(syst) R

Oulebsir et al. (2012) 100±28 50±19 175+63
�62 R

Sayre et al. (2012) 62+9
�6 R

Avila et al. (2015)
1.96±0.30 or 4.36±0.45a

R
0.12±0.04 or 1.44±0.12b

An et al. (2015) 98.0±7.0 56±4.1 8.7±1.8e 162.7±7.3 R
this work 86.3 45.3 7e 140±21(MC)

+18
�11(model) R

a 6.05 MeV transition
b 6.13 MeV transition
c 6.92 MeV transition
d 7.12 MeV transition
e sum of all cascade transitions

Current best value
S0(300 keV) = 140+-
21(MC) +18-11 (model)
keV barns
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FIG. 25 (Color online) The uncertainty in the S factor as
derived by combining the MC analysis (which includes the
subthreshold state uncertainties) and the model uncertain-
ties is shown in Fig. 25 a). The data from Schürmann et al.
(2005) are shown for comparison. Fig. 25 b) shows the uncer-
tainties relative to the best fit value for the Monte Carlo anal-
ysis (olive colored dashed line) and the uncertainties derived
from the model (dot-dashed orange line). The total uncer-
tainty, taken as the MC and model uncertainties summed in
quadrature, is shown by the solid red line. The black vertical
dashed line marks the region of typical astrophysical interest
at Ec.m. = 300 keV.

lack good statistical agreement and by ambiguities inher-
ent in the phenomenological model. For added clarifica-
tion, the key results of the above sections are summarized
here.

• The reaction data now provide definitive solutions
for the ground state interference patterns of both
the E1 and E2 cross sections, eliminating a large
source of uncertainty. However, many of the E2
measurements show large scatter with respect to
one another as well as the R-matrix prediction for
the cross section, that far exceeds their quoted un-
certainties. The E1 data are in better agreement
but still produce a reduced �2 significantly greater
than one.

• The reduced �2 values for the �-delayed ↵ emis-
sion spectra and the scattering data are also sig-
nificantly greater than one, likely a result of only
approximate modeling of the remaining experimen-
tal e↵ects reported in the data. This may even
suggest that there are additional unaccounted for
uncertainties in the data or, very likely, that the
models used to correct for remaining experimental
e↵ects in the data are insu�ciently accurate.

• If experimental measurements and uncertainties
are taken at face value and model uncertainties are
ignored, and the uncertainty in the extrapolation

of the R-matrix to low energy is calculated, an un-
certainty of only a few percent is obtained. How-
ever, the large reduced �2 values found for such a
fit indicates that this method would significantly
underestimate the uncertainty. For this reason an
more conservative uncertainty estimator, that of
Eq. (95), was used for the MC analysis. Addition-
ally, several sources of known model uncertainty
were explored and found to make a significant con-
tribution to the overall uncertainty budget.

• The properties of the subthreshold states seem
to be well known at present, both � widths and
ANCs. Since the development of sub-Coulomb
transfer measurements, di↵erent experimental mea-
surements have yielded consistent results for the
ANCs. In view of the previous points, the uncer-
tainties in the ANCs and � widths of the subthresh-
old states have been included in the fitting and un-
certainty analysis using Eq 94.

The total uncertainty has thus been estimated by com-
bining the uncertainties from the experimental data via
the MC analysis and the model uncertainties summarized
in Table XIX. This produces a total uncertainty of 15 to
20% when both contributions are summed in quadrature
over most of the energy region. The results of this anal-
ysis are compared to previous results of S(300 keV) in
Table IV and Fig. 26. With the fitting and uncertainties
discussed in detail, the discussion can turn back to several
important recent works that were neglected in Sec. V.C.

VIII. DISCUSSION OF RECENT WORKS

Fig. 26 gives an idea of the di�culty encountered in
analyzing and then extrapolating the cross section of the
12C(↵, �)16O reaction to low energy by the wide range of
values for S(300 keV) that have been estimated over the
course of many works. As discussed in Sec. V.A, from the
outset, Fred Barker realized the importance of a compre-
hensive analysis (Barker, 1971) and it is an impressive
feat that even his first work on the subject contains the
key elements of the most sophisticated analyses published
today: fit to capture, scattering, � delayed ↵ spectrum,
and consideration of the reduced ↵ widths from transfer
reactions. However, the complexity involved in having to
include data from many di↵erent reaction types is also
why many analyses have only considered a subset of the
data (or reactions). Even today, making a general analy-
sis code that can simultaneously fit all of the data is quite
challenging and simply compiling all of the experimental
data is no small task.
It is important to note that even the implementation

of the R-matrix methods used over the years has under-
gone significant development. This is for the most part
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TABLE XXV The rate of the 12C(↵, �)16O reaction. Uncertainties are calculated using a combination of Monte Carlo analysis
and investigation of systematic contributions from both data and model sources and are listed separately.

T (GK) Adopted Rate Lower Rate Upper Rate
0.06 6.78 ⇥10�26 5.69 ⇥10�26 7.90 ⇥10�26

0.07 3.28 ⇥10�24 2.76 ⇥10�24 3.83 ⇥10�24

0.08 8.00 ⇥10�23 6.71 ⇥10�23 9.35 ⇥10�23

0.09 1.18 ⇥10�21 9.91 ⇥10�22 1.38 ⇥10�21

0.1 1.20 ⇥10�20 1.00 ⇥10�20 1.40 ⇥10�20

0.11 9.03 ⇥10�20 7.55 ⇥10�20 1.06 ⇥10�19

0.12 5.38 ⇥10�19 4.50 ⇥10�19 6.31 ⇥10�19

0.13 2.65 ⇥10�18 2.21 ⇥10�18 3.11 ⇥10�18

0.14 1.11 ⇥10�17 9.28 ⇥10�18 1.30 ⇥10�17

0.15 4.08 ⇥10�17 3.41 ⇥10�17 4.80 ⇥10�17

0.16 1.34 ⇥10�16 1.12 ⇥10�16 1.58 ⇥10�16

0.18 1.09 ⇥10�15 9.11 ⇥10�16 1.29 ⇥10�15

0.2 6.64 ⇥10�15 5.53 ⇥10�15 7.83 ⇥10�15

0.25 2.43 ⇥10�13 2.02 ⇥10�13 2.87 ⇥10�13

0.3 3.73 ⇥10�12 3.10 ⇥10�12 4.43 ⇥10�12

0.35 3.28 ⇥10�11 2.72 ⇥10�11 3.90 ⇥10�11

0.4 1.96 ⇥10�10 1.62 ⇥10�10 2.33 ⇥10�10

0.45 8.82 ⇥10�10 7.30 ⇥10�10 1.05 ⇥10�9

0.5 3.22 ⇥10�9 2.66 ⇥10�9 3.85 ⇥10�9

0.6 2.70 ⇥10�8 2.23 ⇥10�8 3.23 ⇥10�8

0.7 1.47 ⇥10�7 1.21 ⇥10�7 1.76 ⇥10�7

0.8 5.92 ⇥10�7 4.90 ⇥10�7 7.11 ⇥10�7

0.9 1.92 ⇥10�6 1.59 ⇥10�6 2.31 ⇥10�6

1 5.30 ⇥10�6 4.40 ⇥10�6 6.38 ⇥10�6

1.25 4.10 ⇥10�5 3.42 ⇥10�5 4.93 ⇥10�5

1.5 2.03 ⇥10�4 1.70 ⇥10�4 2.43 ⇥10�4

1.75 7.65 ⇥10�4 6.46 ⇥10�4 9.14 ⇥10�4

2 2.40 ⇥10�3 2.04 ⇥10�3 2.86 ⇥10�3

2.5 1.57 ⇥10�2 1.32 ⇥10�2 1.88 ⇥10�2

3 6.66 ⇥10�2 5.51 ⇥10�2 8.10 ⇥10�2

3.5 2.09 ⇥10�1 1.71 ⇥10�1 2.55 ⇥10�1

4 5.31 ⇥10�1 4.37 ⇥10�1 6.48 ⇥10�1

5 2.38 ⇥100 2.02 ⇥100 2.84 ⇥100

6 7.93 ⇥100 6.96 ⇥100 9.22 ⇥100

7 2.11 ⇥101 1.89 ⇥101 2.41 ⇥101

8 4.64 ⇥101 4.20 ⇥101 5.26 ⇥101

9 8.75 ⇥101 7.96 ⇥101 9.86 ⇥101

10 1.46 ⇥102 1.33 ⇥102 1.64 ⇥102

TABLE XXVI The sum of two instances of Eq. B1 are necessary to fit the reaction rate to better than 5% accuracy over the
range 0.06 < T < 10 GK and the parameters given here reproduce the recommend rate to better than 3.5%. Not all parameters
are necessary for the fitting and these have been set to zero. Parameters that were adjusted for the fit are marked in bold.

term a0 a1 a2 a3 a4 a5 a6

non-resonant 24.1 0 -32 -5.9 1.8 -0.17 -2/3
resonance 7.4 -30 0 0 0 0 -3/2

AFor binary reactions, N vλ σ≡
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Helium Burning Rate Equations
In a 15 solar mass star:
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3( ) / 3Cαγ αλ λ



Because of the tendency of ρ
T3  to decrease with increasing mass

and the near constancy of helium burning temperatures, massive stars
make a decreasing ratio of carbon to oxygen as M increases. Variation
with Z reflects the different extent of convection during He burning
resulting from e.g., mass loss in solar Z stars, red vs. blue supergiant
structure, different He abundance, and different structure (esp Z= 0) 

61.602 10 ( )( ) erg/gm
nuc A i i
q N Y BE q

ν
δ

−
= × −∑

Nuclear Energy Yield

When an arbitrary composition, {Yi}, rearranges by nuclear 
reactions to a new composition, {Yi

�}, where Yi
� = Yi + dYi  , 

there is a change in internal energy that can be positive or negative

Here 1.602 x 10-6 is the conversion factor from MeV (which are the 
units of BE) to erg and the qn corrects for any neutrinos that might be
emitted by weak interactions or thermal processes (like pair
annihilation). If there are no weak interactions and thermal neutrino
losses are negligible, e.g., in helium burning, qn = 0.

Example:          Hydogen burning

a) 100% 1H → 4He δY(1H) = −1 BE(1H) = 0

δY(4 He) = 1
4

BE(4He)=28.296MeV

q=9.65×1017 28.296
4

⎛
⎝⎜

⎞
⎠⎟ = 6.83×1018  erg g−1

b) 70% 1H; 30% 4He →4 He δY(1H) = − 0.7

δY (4 He) = 1
4
− 0.3

4

q=9.65×1017 1
4
− 0.3

4
⎛
⎝⎜

⎞
⎠⎟ 28.296 = 4.78×1018  erg g−1

need to subtract off term for weak interactions and neutrino losses

A related quantity, the energy generation rate is given by 

17 -1 -1

, ,9.65 10 ( ) erg g seci
nuc i weak thermal

dY
BE q q

dt
ν ν

ε = × − −∑

BE(12C) = 92.162  MeV
BE(16O) = 127.619
BE(a) = 28.296 MeV

values for helium burning



Both these expressions are only good for strong interactions.
In a weak interaction one has to worry about n and p mass
differences, electron masses created and destroyed, as well as
the mean neutrino energy loss. 

A correct expression uses the atomic mass excesses. To within a 
constant

!εnuc =−
dYi
dti

∑ Mi(
A Z ) [−neutrino losses] where

  Mi =A i (931.49)+Δ i MeV  and

BE = ZΔH + NΔn − Δ(AZ ) and 
dYi
dti

∑ Ai =
dXi
dt

=
i
∑ 0 so that 

!εnuc =
dYi
dti

∑ BEi −
dYi
dt

ZiΔH +NiΔn( )
i
∑ [− neutrino losses]

In the absence of weak interactions the second  and third term may 
be dropped.(this includes the energy that the positrons deposit when they 
annihilate in  positron emission).

Lecture 4


