Stellar Interiors -
Hydrostatic Equilibrium and
[gnition on the Main Sequence

http://apod.nasa.gov/apod/astropix.html




Outline of today’s lecture

*Hydrostatic equilibrium: balancing gravity and pressure
*Nuclear fusion: the energy source for stars
*Energy transport: getting the energy out of a star



Review of 3 types of pressure in stars

Ideal gas pressure: collisions between gas particles
f)idea,l X pT Pideal = 1.69pN Ao kT (Special case for

ionized gas)
Radiation pressure: collisions between photons and matter

Prag ox T*

Degeneracy pressure: “resistance” of electrons (or neutrons) against
compression into a smaller volume

Pdeg x p5/3 Pdeg x p4/3

Non-relativistic Relativistic speeds
speeds (v < ¢) (v~ c)
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HYDROSTATIC EQUILIBRIUM

Is achieved when gravity pulling downward is
balanced by pressure pushing upward

Pressure from gases
above the slab

Y Slab of
solar
A material

Weight of the slab

Pressure from gases
below the slab

In hydrostatic equilibrium,
forces balance

e.g. the Earth’s atmosphere or a swimming pool



A star 1s “in hydrostatic equilibrium™ when it 1s not collapsing or expanding

must be
balanced
by inward
forcg of

gravity

The balance of gas pressure and gravity in a star.



Inside a star the weight of the matter is supported by

a gradient in the pressure. If the pressure on the top and
bottom of a layer were exactly the same, the layer
would fall because of its weight.

Low pressure

High pressure Hydrostatic equilibrium

The difference between pressure times area on the top
and the bottom balances the weight



Derivation of Equation of Hydrostatic Equilibrium

Force up = PLA—P,A=AP- - A A
Force down = — G]Vi(;)m
P ar
m = p(AAT)
To be in hydrostatic equilibrium, Force up = Force down
Ap. A= GMO)
r
GM(r)
AP - A= — 3 (pAAT)
GM
ap = _GMT) A, ap __ GM(@r)p(r)
72 Ar 72

Or, more precisely...see next slide



For all kinds of gases — ideal, degenerate, whatever.

If M(r) is the mass interior to radius r and p(r) is the density at r:

dP _ _ GM(r)p(r)
dr ~ r?

For a sphere of constant density, M(r) = 3xr3p
and one may integrate this equation to obtain

GMp ‘

Pcentral —-—

2R

This (top) equation is one of the fundamental equations

of stellar structure. It is called the “equation of hydrostatic
equilibrium”. Whenever dP/dr differs from this value, matter
moves.



Proof of Central Pressure Equation

dP _ GM(r)p(r)

dr r2

We integrate this equation:

4
Assuming the star has constant density po : M (r) = §7T 7'3/00
dP G (4nrdpg ~ 4nGpgr
dr — r2\_ 3 )T 773

0 R 2 2 R
/ qP = / —47TG’00 rdr = —47TG’00 / rdr
P 0 3 3 0

P _ ArGpg R* Gpo 4rR°py\ | GMpo
° 3 2 \2R 3 | 2R




Note implications for central temperature. If an
ideal gas, 75% H and 25% He, fully ionized

Pc — Pideal

GM
P, = 1.69pNkT. = L;R”
Solve for 7.
T _ __GM
© 7 3.38NskR

For example, for the sun (not really constant in
density)' 5C  amswer 15 I underestimate

- (6.67 x 10-8)(2.00 x 10°3)

~ (3.38)(6.02 x 10%3)(1.38 x 10-16)(6.96 x 1010
= 6.8 x 10°K

T.




For stars supported by

M ideal gas pressure and
T c € — near uniform structure
R (not red giants)

Note that as the radius gets smaller, the central
temperature increases.

What is the time scale for this increase (if gravity is
the only source of power)?

" 3GM?
"8 TORE

which is ~ 10 million years for the sun.

(20 - 30 My 1s more accurate)



What is the lowest mass a star can have and
still burn hydrogen?

lightest star will
be mass that hits
this point.

Hydrogen fusion occurs when T >107 K

4
. 41” — He ,iieg =Ll
A star must have sufficient mass such : ignition

that as it contracts, its core can heat up to
> 107 K before the core stops contracting
due to degeneracy pressure

= Lo —
I\ ,OJ 1/3 -
7"« p" for a given M and
Mp"” . o
7 IV Z/’at a given p 1s higher

for bigger M




Minimum Mass Star Solve for condition that ideal

gas pressure and degeneracy
P e = Fideal pressure are equal at 107 K.

1.0 x 1013(pY,)%/3 = 1.69pNAkT (assuming 75% H,
25% He by mass)

At 107 K, this becomes

1.40 x10° p(107)=8.00x 10" o>  (taking ¥, =0.875)

which may be solved for the density to get p=2300gm cm”
The total pressure at this point is

1 ‘ |
Ptot ~ Q(Pdeg =R Pideal) ~ 5(2Pideal) ~ Iideal

~1.40x10°(2300)(107 )=3.2x10"* dyne cm
GAMp
Piov = Po -]

2R
(3" M
But A)=k4—) e, p= 3
TP 4/3 R



Combining terms we have

1/3
3.9 x 1018 ~ TMP (4””) /

2

M?/3

IM

2(3:2:x 10*8)3143

Gp?/

3(47)1/3

and using again p=2300gm cm”
M=8.7x10" gm

or 0.044 solar masses.

For constant density

P:/%\
| 22
1/3

_(3M)
R_k4fer

A more detailed calculation gives

0.08 solar masses.

Protostars lighter than this can never ignite nuclear reactions.
They are known as brown dwartfs (or planets if the mass is

less than 13 Jupiter masses, or about 0.01 solar masses.
[above 13 Jupiter masses, some minor nuclear reactions occur
that do not provide much energy - “deuterium burning’]




Brown Dwarfs - heavier than a planet

(13 M. ) and lighter than a star

Brown Dwarf Gliese 229B

Palomar Observatory Hubble Space Telescope

Discovery Image Wide Field Planetary Camera
October 27, 1994 November 17, 1995

po 0, S 0urancs ans D Sl ok JHEUY NAER

14 light years away in the constellation Lepus orbiting the low mass red

star Gliese 229 is the brown dwarf Gliese 229B. It has a distance
comparable to the orbit of Pluto but a mass of 20-50 times that of Jupiter.
Actually resolved with the 60” Palomar telescope in 1995 using adaptive optics.



Infrared Spectrum of Gliese 229B, 1t Discovered Brown Dwarf
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Note the strong absorption due to molecules (like water!).



Nuclear
Fusion
Reactions



Main Sequence Evolution
(1.e., Hydrogen burning)

The basis of energy generation by nuclear fusion is that
two reactants come together with sufficient collisional

energy to get close enough to experience the strong
force. This force has a range ~10-1° cm, i.e., about 1/100,000

the size of the hydrogen atom.

So two protons need to be no more than 10-1° cm apart in order to
fuse together...



But before 2 protons can come close enough to form a bound
state, they have to overcome their electrical repulsion.

Y = potential energy

nuclear

potential

Using classical physics, the distance of
closest approach 1s found by energy
conservation:

KE=PE

5 V min®

Calculation assumes T=107 K
(core temperature)

So two protons could not fuse, since
they are too far apart...

e = charge of proton



How 1s this problem reconciled?

1. Some protons are moving much faster than average, and have sufficient KE to
overcome the electric repulsion. But these high-speed protons are rare...

J J
At low speeds, electromagnetic repulsion
prevents the collision of nuclel.
J - d

At high speeds, nuclei come close
enough for the strong force to bind
them together.




How 1s this problem reconciled?

2. There is a small (but non-zero) probability that two protons can overcome their
repulsion and fuse even if their speeds are too low. This is called quantum
mechanical barrier penetration.

2¢2 B 2¢2
3kT  muo?

T'min =

Probability o« exp(—7min/A)
) A= —
x exp(—1/v) mo

x exp(—1/VT)

Probability is highest at fast speeds v (or high temperatures 7)




But when two protons do get close enough to (briefly)

feel the strong force, they almost always end up flying
apart again. The nuclear force is strong but the
“diproton”, “He, is not sufficiently bound to be stable.

One must also have, while the protons are briefly
together, a weak interaction.

p+p%(2b’e) —‘H+ e +v,

That is, a proton turns into a neutron, a positron,
and a neutrino. The nucleus °H, deuterium, is
permanently bound.



The rate of hydrogen burning in the sun is thus
quite slow because:

* The protons that fuse are rare, only the ones
with about ten times the average thermal energy

® Even these rare protons must penetrate a
barrier to go from 10-'° cm to 10-1* cm and the
probability of doing that 1s exponentially small

® Even the protons that do get together generally
fly apart unless a weak interaction occurs turning
one to a neutron while they are briefly togther

and that is all quite good because if two protons fused every
time they ran into each other, the sun would explode.



Now we discuss the actual fusion reactions that power
low-mass stars like the Sun while on the main sequence.

Some nuclear physics notation:

p = proton
e = positron
v = neutrino
v = energy (photon)

’H = hydrogen (H) nucleus with 1 proton and 1 neutron

AX = nucleus of element X

A = number of protons + number of neutrons



The big picture: The proton-proton I (ppl) chain 1s the
primary set of hydrogen fusion reactions in low-mass

stars like the Sun

p+—p —
2H +p —
SHe + *He —

2H +
SHe -

et +v+ energy
- energy

4He -

-p+ p+ energy

The bigger picture: Hydrogen fuses into helium, producing energy

p+p+p+p >4He+energy



The big picture: The ppl chain 1s the primary set of
hydrogen fusion reactions in low-mass stars like the Sun

Hydrogen Fusion by the Proton—Proton Chain

Step 1 Step 2 Step 3
Two protons fuse to make The deuterium nucleus and  Two helium-3 nuclei fuse to
a deuterium nucleus (1 a proton fuse to make a form helium-4 (2 protons, 2
proton and 1 neutron). This  nucleus of helium-3 (2 neutrons), releasing two
step occurs twice in the protons, 1 neutron). This excess protons in the
overall reaction. step also occurs twice in process.
the overall reaction.

° D

© 2012 Pearson Education, Inc.

Overall reaction Key:

gamma ray & neutron

» ; /° @ proton

| E
N @ p——
e ,‘ v <\ ray
) 3\,
gamma ray

o neutrino

» positron



Nuclear reaction shorthand:

1(3,k)L
[ = Target nucleus J = incident particle
L = Product nucleus k = outgoing particle
or energy
E.g., ppl

p(p,e v)*H(p,y )’He(‘He, 2p)'He
E.g., the main CNO cycle (later)

12C(p’y )13N(e+v)13 C(p,)/ )]4N(p,)/ )150(6+V)]5N(p,4H6)12C



THEPP1CYCLE
Bethe 1979

(Nebel 1367) 3

MeV = mega, electron‘voit
p+pa (2p)

— ?H + et +v. + 0.42MeV
nb. *nv\, t_ﬁ weak nternction

where 1 MeV = 1.602 x 10~ erg and the energy

comes off in the form of radiation and the kinetic
energy of the products.

In shorthand this can also be written p(p,e*v)*H.



So now we have protons, *He, and “H. Next

H +p — %He + v + 5.49MeV

no weak interaction needed,

very fast

or “H(p,7)*He. This may be followed by either

a)’He + *He — *He + 2p + 12.86 MeV

or 4Li is unbound

b)*He + ‘He — "Be ++ + 1.59MeV

pp1

pp2,3



or in shorthand *He(®*He,2p)*He or *He(a, v) "Be.
{n the sun the former is much more likely than the
atter.

Neglecting for now reaction b), the total effect is
4p — ‘He + 2¢* + 2v,. + 24.68 MeV
The neutrinos carry away 0.26 MeV (on the aver-

age each)and are lost (more about these later). The

positrons annihilate with two electrons to give an
additional 2x0.511 MeV x 2 =2.04 MeV. Thus

4p — YHe + 26.20 MeV



() or ¢ = energy produced per gram of material

How manv ergs per gram is this?

Qpp = (26.2MeV)(1.602 x 10~ % erg/MeV) (N4 /4)

Q,p = (26.20)(1.602 x 10-°)(6.02 x 10%*)/4
=16.4 x 10" erg g~* 8. Per grawm of

W burned

Implication for the sun
(Qpp)(Mass of burnable H in Sun)

T- p—
nuc L@ \
= 3.4 x 10" sec

(0.7)(0.15) (1 My, )

or 10.4 billion years!



Again:

The big picture: The ppl chain 1s the primary set of fusion
reactions in low-mass stars like the Sun

p+p — “H+e' + v+ energy
‘H+p — °He+ energy
He + *He — “*He+ p+ p + energy

The bigger picture: Hydrogen fuses into helium, producing energy

p+p+p+p >4He+energy



H. A. Bethe (1906-2005)
Nobel Prize 1967



NUCLEAR REACTION RATES

Because of the exponential dependence of bar-
rier penetration on energy and charge, the rates of
nuclear fusion reactions are extremely tempera-
ture sensitive. It also obviously takes a higher tem-
perature to fuse heavier isotopes that have larger
charge. .

In general, e oc T’

For the pp 1 cycle

e = energy produced per second per gram of material

€pp = 0.076p X7 (T./10") ergg' 5!

where Xy is the mass fraction of hydrogen.



Assume that the sun is hot enough to run the ppl
cycle only in the inner 10% of its mass

L ~01M, e,
~ 7.4 x 10%p(T./107)* Xn~07
~ 7.4 x 10%°(100)(1.5)* actually less
~ 3.7 x 10% ergs™

which is pretty close to correct



How much mass burned per second?
(1.e., how much hydrogen fuses every second?)

dM Lo 3.8 x10%erg/s
dt  Q,, 6.4x108erg/g
= 5.9 x 10'* g/s = 650 million tons/sec

How much mass-energy does the Sun lose each year?
(i.e., how much mass is converted to energy during fusion?)

dM Lo = 3.8x10%erg/s
dt ¢ (3.0x 100 cm/s)
or about 7x10™* M per year

> =4.3x10%g/s



Why are stars stable in the first place?

It’s a balance between fusion and gravitational contraction

.. leads to a large decrease in
the fusion rate . . .

A slight drop in core
temperature . . .

.. that
lowers the core
pressure . . .

.. thereby
restoring
the fusion

rate to
normal.

© 2012 Pearson Education, Inc.

Solar
Thermostat:
Gravitational

Equilibrium

.. leads to a large increase in
the fusion rate . . .

N

A slight rise in core
temperature . . .

rad

that raises
the core
pressure . .

———

.. thereby
restoring
the fusion
rate to
normal.

.. causing the core to
expand and cool down . . .




STELLAR STABILITY

Pioar o T
\
Pccnt = G;!p =9 1A —F—{

bave X T a4

So if start to run reactions faster

= R%Y  because n vdeall 3:5"&3?3«\&»

whem
S T+ = €%

Similarly if the rate of reactions declines for some

reason,
T = €4
= R
=2 Tt 2 ¢t

Thus a tight equilibrium is maintained
Important exception:
Degenerate matter

*T'\uts‘r‘;“



Energy Transport in Stars



3 ways energy can be transported in stars:

1. Convection
Energy is transported by moving material
Occurs where the temperature gradient is large or material 1s very opaque
Analogy: boiling water, convective cells in the atmosphere

2. Radiation (or radiative diffusion)
Energy (photons) diffuse through the star (slowly) by themselves

3. Conduction
Energy is transported via collisions among electrons in a (solid) material
Analogy: Heating a metal rod
Important in white dwarfs, not normal stars




Convection:
Hot material rises, carrying energy
up to surface

Cold material sinks

a This diagram shows convection beneath the Sun’s surface:
hot gas (yellow arrows) rises while cooler gas (black arrows)
descends around it.

©2012 Pearson Education, Inc.

Radiative Diffusion:

A photon “random walks” from the
core to the surface of the star,
losing energy as it travels

This takes 1000s of years!




Energy may be transported in more
than one way through a star’s interior.

Sz

-
—

Which ways depend on the mass of .
the star. o

4——
S

. . . / L=5 = |
For the Sun, radiation dominates - - core

\
throughout the interior. Convection — Q
\\:

R

occurs in the outer envelope. “//

O
e | TS

Radiation from interior—~

— )



Interior Structure of Main Sequence Stars

M < 0.3Mg Star completely convective

0.3My < M < 1.5Mg  Core radiative; envelope convective

M > 1.5Mg Core convective; envelope radiative



0.3Ms < M < 1.5M

M > 1.5M



Why the different internal transport mechanisms?

In the outer envelope, the opacity (ability to absorb energy) of the gas 1s
important:

*Low-mass stars: Gas is cool enough for neutral hydrogen to exist, which
has high opacity, heating the gas and causing it to move (convection)

*High-mass stars: Gas is hot enough for ionized hydrogen, which has lower
opacity, allowing photons to pass through unimpeded (radiation)

In the interior, the temperature dependence of the energy production rate is the
dominant factor:

*Low-mass stars: pp chain has T* dependence, which is weak enough such
that radiation can carry away the energy

*High-mass stars: CNO cycle has T?° dependence, meaning much more
energy produced closer to core than right above it, resulting in convection

http://burro.astr.cwru.edu/Academics/Astr22 1/StarPhys/transport.html



How do we know the interior structure of a star?

Astronomers use mathematical models to calculate
temperature, density, luminosity, etc. as a function of radius,
assuming a mass and chemical composition

Z .
= 15102
= 6
Example model for the Sun *;:; UL -
2 3% 10
o,
=
L
-
;'E\ 150,000 pe===mc-——————————=—————— -
ED 1,000
e 10
? 0.1 | I l |
§ ' 02 04 06 08 1.0
A

Distance from Sun’s center (solar radii)

T T

Center Surface



Model of present-day Sun

Mass Radius Luminosity Temperature Denasity
. (Mo) (Rg) (Lo) (10° *K) (g em™?)
Table showing how L, 7,
and p change with radius 0.0000 0.000 0.0000 15.513 147.74
0.0001 0.010 0.0009 15.48 146.68
(or mass enclosed) 0.001  0.022 0.009 15.36 142.78
0.020 0.081 0.154 14.404 116.10
9\ 3 A\ 3&"\\/6 0.057 0.090 0.365 13.37 93.35
0.115  0.120 0.594 12.25 72.73
0.235 0.166 0.845 10.53 48.19
0.341  0.202 0.940 9.30 34.28
0470 0.246 0.985 8.035 21.958
0.562 0.281 0.997 1.214 15.157
0.647 0.317 0.992 6.461 10.157
0.748  0.370 0.9996 5.581 5.568
0.854  0.453 1.000 4.426 2.259
0.951 0.611 1.000 2.981 0.4483
0.9809 0.7304 1.0000 2.035 0.1528
—————
0.9964 0.862 1.0000 0.884 0.042
Conveshive 09999 0.968 1.0000 0.1818 0.00361
1.0000 1.0000 1.0000 0.005770  1.99 x 10~7

*Adapted from Turck-Chiése et al. (1988).
Composition X = 0,7046, Y = 0.2757, Z = 0.0197



Evolution of the Sun with time

Time Luminosity Radius T ontra
(0 year)  (Lo)  (Ro) (10FK)

Past
( 0.7688 0.872 13.35 2er0 age wain
0.143  0.7248 0.885 13.46 e
0.856 0.7621 0.902 13.68
1.863 0.8156 0.924 14.08
2.193 0.8352 0.932 14.22
3.020 0.8855 0.953 14.60
3.977 0.9522 0.981 15.12
Now
4.587 1.000 1.000 15.51
Future
5.506 1.079 1.035 16.18
6.074 1.133 1.059 16.65
8.577 1.186 1.082 17.13
7.027 1.238 1.105 17.62
7.728 1.318 1.143 18.42
8.258 1.399 1.180 18.74
8.7568 1.494 1:224 18.81
9.805 1.760 1.361 19.25
* Adapted from Turck-Chiéze et al. (1988). N Red Gt

Composition X = 0.7046, Y = 0.2757, Z = 0.0197.
Present values are Rg and L.
**For time t before the present age to=4.6 X 10° years,
L/Lo & 1/[140.4(1-t/tp))



Evolution of the Sun

Life Cycle of the Sun

Red Giant

Gradual warming i Planetary Nebula

White Dwarf

Birth 1 2 3 4 5 6 7 8 Q 10 11 12 13 14
Billions of Years (approx.)




Optional Slide
Note that the units of pressure and energy density

are the same

erg dynecm dyne

cm 3 cm 3 sz

Ideal gas nk T 1s the pressure but
3/2nk T 1s the energy density

Radiation 3 aT"* is the pressure

aT" isthe energy density



Optional Slide WhyisL o M9 True even if star is
yisL « ' not supported by P, _,

Note this is not the
Heat content in radiation £ total heat content, just

: = _radétor tho radiation.
Time for heatto leak out 7 e
! [7ision

Luminosity =

4 M\* M4 | M
Eradiation = gﬂRS(aT4) x R3T* x R? (E) X = (Since T o< E)
2 .
Tdiffusion = R— lnfp = 1 K is the "opacity" in cm® gm™
lmfpc Kp
Assume k1S a constant
4 M
M=—aRp=p X —
TP TP p
1 R? RPM M
lmfp X ; = lmfp X M Tdiffusion X R3 X E
4 Other powers of M possible
[, ¢ —M /R X M3 When K is not a constant
M / R but varies with temperature

and density



